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ABSTRACT
T h is  t h e s i s  d e s c r ib e s  a  s tu d y  o f  one  and two d im e n s io n a l ,  
s t e a d y ,  n o n -D arcy  f lo w  i n  c ru s h e d  r o c k .  O nly th e  m a c ro sc o p ic  
p r o p e r t i e s  o f  th e  p o ro u s  m e d ia  and th e  f l u i d  a r e  i n t e r p r e t e d .  The 
f r i c t i o n  e q u a t io n s  p ro p o se d  by P o rc h e im e r  and R ose a r e  com pared 
and  i t  i s  shown t h a t  th e  P o r c h e im e r 's  e q u a t io n  i s  s t a t i s t i c a l l y  a s  
good  a s  th e  R o s e 's  e q u a t io n ,  P o r  s i m p l i c i t y ,  th e  P o r c h e im e r 's  
e q u a t io n  i s  u s e d  i n  th e  two d im e n s io n a l c a s e .  An i n v e s t i g a t i o n  o f  
t h e  p o r o s i t y  w a l l  e f f e c t  was made and  f o r  c ru s h e d  ro c k ,  i t  was 
fo u n d  t h a t  w a ll  e f f e c t  i s  n e g l i g i b l e .  Two g e n e r a l  d im e n s io n le s s  
f r i c t i o n  e q u a t io n s  b a s e d  on th e  d iy  and  d r a in a b le  p o r o s i t y  r e s p e c ­
t i v e l y  f o r  c ru s h e d  ro c k  and  an  e q u a t io n  f o r  th e  e s t i m a t io n  o f  th e  
s e e p a g e  h e i g h t  a r e  p ro p o s e d . The f i n i t e  e le m e n t m ethod  i s  v e r i f i e d  
e x p e r im e n ta l ly  and  fo u n d  to  g iv e  s a t i s f a c t o r y  r e s u l t s  when a p p l ie d  
t o  th e  s o l u t i o n  o f  se e p a g e  p ro b le m s w i th  a  p h r e a t i c  s u r f a c e .
I l l
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CHAPTER ONE 
INTRODUCTION
D u rin g  th e  p a s t  two d eca d es  th e  t o p i c  o f  th e  f l u i d  f lo w  th ro u g h  
p o ro u s  m ed ia  h a s  been  r e c e iv in g  much a t t e n t i o n .  T h is  t o p i c  i s  r e l a t e d  
to  many f i e l d s  o f  e n g in e e r in g  su ch  a s  h y d r a u l i c  e n g in e e r in g ,  c h em ica l 
e n g in e e r in g ,  f u e l  e n g in e e r in g  e t c . .  Many p a p e r s  b u t  o n ly  a  few  books 
h av e  been  p u b l i s h e d .  U n f o r tu n a te ly ,  m ost o f  th e  r e s e a r c h  w ork h a s  
b een  c a r r i e d  o u t  f o r  th e  l i n e a r  c a s e  r a t h e r  th a n  th e  n o n - l i n e a r  c a s e s .
The f a c t o r s  g o v e rn in g  t h i s  phenom enon a re  th o s e  a r i s i n g  from  
hydrodynam ic c o n s id e r a t io n s ,  from  th e  c h a r a c t e r i s t i c s  o f  th e  b ed  
m a t e r i a l  and from  th e  s t a t i s t i c a l  n a t u r e  o f  th e  p a c k in g  o f  th e  b ed .
As one can  s e e ,  th e  v a r i a b l e s  a r e  l a r g e  i n  num ber and  th e  r e s e a r c h e r  
h a s  to  p u t  c e r t a i n  l i m i t a t i o n s  on h i s  w ork. B es id es^  th e  e x p e r im e n ta l  
d i f f i c u l t i e s  a r e  f u r t h e r  in c r e a s e d  b e c a u se  many v a r i a b l e s  a r e  c l o s e ly  
r e l a t e d .  T h e re fo re ,  a l l  e q u a t io n s  p ro p o se d  can  o n ly  be r e c o g n iz e d  a s  
e m p ir ic a l  fo rm u la e  t h a t  h av e  good a p p ro x im a tio n s  f o r  th e  r e s t r i c t i o n s  
made.
The m a t e r i a l  u sed  i n  t h i s  s tu d y  was c ru s h e d  ro ck , w i th  g e o m e tr ic  
mean ra n g in g  from  0 ,9 6 2  cm, to  3 ,5 2 2  cm, and th e  c a s e s  c o n s id e re d  w ere 
th e  one and two d im e n s io n a l ,  s te a d y ,  n o n - l i n e a r  f lo w . I n  th e  one 
d im e n s io n a l f lo w , th e  o b j e c t  o f  th e  w ork was to  com pare th e  p ro p o se d  
f r i c t i o n  la w s ; to  f i n d  th e  w a ll  e f f e c t  upon p o r o s i t y ;  and to  f i n d  a  
g e n e r a l  f r i c t i o n  law  f o r  a l l  th e  e x p e r im e n ta l  r e s u l t s .  I n  th e  two 
d im e n s io n a l f lo w , th e  a p p l i c a b i l i t y  o f  th e  f i n i t e  e lem en t m ethod to  
f i n d  th e  p o s i t i o n  o f  th e  f r e e  s u r f a c e  and  th e  n o n - l i n e a r  flo w  f i e l d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
w as v e r i f i e d .  B e s id e s ,  i n v e s t i g a t i o n  was made o f  th e  r e l a t i o n s h i p  
among th e  h e i g h t  o f  th e  u p s tre a m  and  dow nstream  w a te r  l e v e l  a s  w e ll  
a s  th e  seep ag e  h e i g h t .  A l l  e x p e r im e n ta l  r e s u l t s  w e re  a n a ly s e d  by 
th e  1620  and  3 6 0 /4 0  IBM c o m p u te rs .
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CHAPTER TWO 
LITERATURE SURVEY
2 .1 .  Flow R egim es i n  P o ro u s  M edia
P o ro u s  m e d ia  i s  d e f in e d  a s  a  s o l i d  c o n ta in in g  h o le s  o r  v o id s ,  
e i t h e r  c o n n e c te d  o r  d is c o n n e c te d ,  d i s p e r s e d  w i th in  i t  i n  e i t h e r  a  
r e g u l a r  o r  random  m anner p ro v id e d  t h a t  su ch  h o le s  o c c u r  r e l a t i v e l y  
f r e q u e n t ly  w i th i n  th e  s o l i d  ( 1 ) ,  T h e r e f o re ,  i t  i s  v e ry  e a sy  to  
v i s u a l i z e  t h a t ,  i n  a  l a y e r  o f  p o ro u s  m e d ia , p o re s  v a ry  w id e ly  i n  
m a g n itu d e , sh a p e , and o r i e n t a t i o n .  C u r v i l i n e a r  f lo w  p a th s  a r e  th e n  
o f f e r e d  by th e  p o ro u s  m e d ia  to  th e  f l u i d  f lo w in g  th ro u g h  i t .  One 
m ig h t c o n s id e r  th e  s o l u t i o n  o f  f l u i d  f lo w  th ro u g h  p o ro u s  m ed ia  a s  an 
a n a lo g y  to  th e  s o l u t i o n  o f  f l u i d  f lo w  th ro u g h  c u rv e d  p ip e s .  B ut i t  
w as fo u n d  t h a t  th e  f lo w  p a t t e r n  i n  p o ro u s  m ed ia  i s  d i f f e r e n t  from  th e  
c u rv e d  p ip e s  i n  some r e s p e c t s .
Ward (2 )  i n  I 966  showed t h e r e  to  b e  f o u r  f lo w  re g im e s  i n  p o ro u s  
m e d ia  t h a t  a r e  g iv e n  i n  T a b le  1 ,
T a b le  1 , -  P o ro u s  M edia  Flow Regime
Plow  Regime Ra
L in e a r  la m in a r
0 ,0 1 8 2
N o n - l in e a r  la m in a r
1 ,4 2  ± 0 .0 8
T r a n s i t i o n
4 ,2 3  ± 0 .5 1
T u rb u le n t
a  See e q u a t io n  ( 2 ,3 .4 * )
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4T h is  was co n firm e d  by W rig h t ( 5 ) .  He u se d  th e  h o t - w ir e  anem om eters 
a s  a  to o l  to  m easu re  th e  tu r b u le n c e  i n t e n s i t i e s  w i th in  th e  p o re s  o f  a  
g r a v e l  bed  and p ro p o se d  th e  fo l lo w in g  flo w  re g im e s ;
( a )  A " la m in a r"  reg im e  in  w h ich  a t  ev e ry  p o in t  th e  m ic r o - v e lo c i ty  
i s  s t a t i o n a r y  and th e  h ead  l o s s  i s  d i r e c t l y  p r o p o r t i o n a l  to  th e  v e lo ­
c i t y ,  The v is c o u s  f o r c e s  p re d o m in a te  and th e  m a x .v e lo c i ty  o c c u r s  
n e a r ly  i n  th e  c e n t r e  o f  e a c h  flow  p a s s a g e ,
(b )  A " s te a d y  i n e r t i a l "  re g im e , ( i . e ,  e q u iv a le n t  to  th e  non­
l i n e a r  la m in a r  p ro p o se d  by W ard), i n  w h ich  a t  e v e ry  p o in t  th e  m ic ro ­
v e l o c i t y  i s  s t i l l  s t a t i o n a r y ,  b u t  th e  h ead  l o s s  h a s  c e a se d  to  v a ry  
l i n e a r l y  w i th  th e  v e l o c i t y .  B o th  v is c o u s  f o r c e s  and i n e r t i a l  a c t io n s  
in f lu e n c e  th e  m o tio n . S ta t io n a r y  v o r t i c e s  may be  form ed  a t  u p p e r  end 
o f  th e  re g im e ,
(c )  A " t u r b u l e n t  t r a n s i t i o n "  re g im e , i n  w h ich  th e  m ic r o - v e lo c i ty  
f l u c t u a t e s  a t  any p o in t  w i th  in c r e a s in g  b u t  r e g u l a r  f re q u e n c y , and 
th e  head  l o s s  a p p ro a c h e s  dependence on th e  sq u a re  o f  th e  v e l o c i t y .  
I n e r t i a l  a c t i o n s  p re d o m in a te  and v o r t i c e s  a r e  sh ed  a t  r e g u l a r  i n t e r ­
v a l s  from in d i v id u a l  g r a i n s .  T u rb u le n c e  may o c c u r  i n  p a r t s  o f  th e  
f lo w  a t  th e  u p p e r  end o f  th e  reg im e ,
(d )  A " f u l l y  t u r b u l e n t "  reg im e i n  w hich  a l l  p a r t s  o f  th e  flo w  
a r e  t u r b u l e n t ,  th e  m ic r o - v e lo c i ty  f l u c t u a t i n g  random ly  ab o u t a  mean.
The h ead  l o s s  i s  now c lo s e  to  dependence  on th e  s q u a re  o f  th e  v e lo ­
c i t y .
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T ab le  2 . -  P o ro u s  M ed ia  Flow Regime
Flow  Regime Ra
L am inar
1 - 5
S te a d y  i n e r t i a l
90  -  120
T u rb u le n t  t r a n s i t i o n
800 -
F u l ly  t u r b u l e n t
See e q u a t io n  ( 2 . 3 . 6 . )
B e s id e s  th e  flo w  re g im e s  Todd (4 )  showed on a  l o g - lo g  p l o t  o f  
th e  F an n in g  f r i c t i o n  and  R eyno ld  num ber ( F ig .  1 . )  t h a t  th e  t r a n s i t ­
io n s  from  la m in a r  f lo w  w here  r e s i s t i v e  f o r c e s  g o v e rn  to  la m in a r  flo w  
w h ere  i n e r t i a l  f o r c e s  g o v e rn  and to  t u r b u l e n t  f lo w  a re  g r a d u a l  a s  
e v id e n c e d  by th e  m ild  c u r v a tu r e  i n  P ig .  1 , b e tw een  Hj. == 1 and  H r = 1000, 
The e x p la n a t io n  f o r  th e  g r a d u a l  t r a n s i t i o n  i n t o  t u r b u l e n t  f lo w  h in g e s  
upon  th e  m i c r o s t r u c tu r e  o f  p o ro u s  m e d ia  f lo w . As th e  h y d r a u l i c  
g r a d i e n t  i n c r e a s e s ,  t u r b u l e n t  f lo w  o c c u r s  i n i t i a l l y  i n  o n ly  i s o l a t e d  
p o r e s  a s s o c i a t e d  w ith  h ig h e s t  v e l o c i t i e s .  W ith  f u r t h e r  in c r e a s e s  
tu r b u le n c e  o c c u r s  i n  a  c o r r e s p o n d in g ly  l a r g e r  p o r t i o n  o f  th e  medium; 
t h e  r e s u l t  i s  a  g ra d u a l  t r a n s i t i o n  i n  f lo w  ty p e ,
2 .2 ,  The R easo n s f o r  The D e v ia t io n  o f  Darcy* s Law
S in c e  D a rc y 's  Law s t a t e s  t h a t  th e  v e l o c i t y  i s  d i r e c t l y  p ro p o r ­
t i o n a l  to  th e  p o t e n t i a l  g r a d i e n t ,  i t  d o e s  n o t  a p p ly  to  a l l  c a s e s  o f  
f i l t r a t i o n .  The re a s o n  f o r  d e v i a t i o n  from  th e  l i n e a r  D arcy  r e s i s t a n c e  
law  can  be e x p la in e d  i n  s e v e r a l  w ays.
A. As th e  h y d r a u l i c  g r a d ie n t  e x c e e d s  a  c e r t a i n  l i m i t ,  th e  flo w








J 0 * 0 0 * U 0 ! 1 9 | J )  f t U I U U D J
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7o f  w a te r  p e r c o l a t i n g  th ro u g h  th e  m a t e r i a l  becom es t u r b u l e n t ;  sh o u ld  
t h i s  b e  t r u e  i t  w ould fo llo w  t h a t  beyond  t h i s  l i m i t  th e  d is c h a rg e  
r i s e s  a t  a  s m a l le r  r a t e  th a n  th e  s lo p e ,  b e c a u se  p a r t  o f  th e  en e rg y  
i s  consum ed i n  th e  fo rm a t io n  o f  e d d ie s  (5 )  .
B . P o rch h e im er s t a t e d  t h a t  when th e  d is c h a r g e  w as n o t  p ro p o r­
t i o n a l  to  th e  g r a d i e n t ,  t h i s  was p ro b a b ly  due to  th e  p r e s s u r e  e x e r ­
c i s e d  by th e  f i l t e r i n g  w a te r  upon th e  g r a i n s  th e m s e lv e s  o f  w hich  th e  
m a t e r i a l  was com posed. I f  t h e  v e l o c i t y  o f  f lo w  w ere  h ig h ,  th e  g r a in s  
w ere  m ore t i g h t l y  p r e s s e d  a g a i n s t  e ac h  o th e r ,  and t h i s  n a t u r a l l y  
a f f e c t e d  th e  s i z e  o f  th e  p a s s a g e  e x i s t i n g  be tw een  them  ( 5 ) .
C , R ose ( 6 ,7 ,8 )  s t a t e d  t h a t  i n  la m in a r  flo w  th e  en e rg y  l o s s e s  
w i l l  be  due to  th e  v is c o u s  f o r c e s  a c t i n g  on th e  a r e a  o f  s u r f a c e  and 
t h e  t o r t u o s i t y  o f  th e  b ed  i s  n o t  s i g n i f i c a n t .  At h ig h  R ey n o ld s  
n u m b ers , s in c e  th e  d i s t r i b u t i o n  o f  th e  p a r t i c l e s  i n  th e  b ed  in f lu e n c e s  
t o r t u o s i t y ,  th e  t o r t u o s i t y  o f  th e  b ed  w i l l  h av e  g r e a t  e f f e c t  on  th e  
i n e r t i a  f o r c e s .
P h o to g ra p h s  o f  c r o s s - s e c t i o n s  o f  a  bed  show t h a t  th e  p o r o s i t y  o f  
a  b ed  i s  g r e a t e r  i n  th e  l a y e r  o f  p a r t i c l e s  i n  c o n ta c t  w ith  th e  w a l l s  
o f  t h e  v e s s e l .  T h is  l a y e r  i s  l e s s  to r t u o u s  th a n  th o s e  to w a rd s  th e  
i n t e r i o r  o f  th e  b ed , b e c a u se  th e  p a r t i c l e s  i n  th e  l a y e r  a d ja c e n t  to  
t h e  w a l l  a r e  p la c e d  a t  random  i n  tvm d e g re e s  o f  freedom  o n ly ,  th e  w a ll  
p r o v id in g  one c o n s t r a i n t .  T h is  a n n u la r  p a s s a g e  o f f e r s  r e l a t i v e l y  low 
r e s i s t a n c e  and g iv e s  th e  f l u i d  f lo w  i n  i t  g r e a t e r  v e l o c i t y  th a n  a t  
any  o t h e r  p o in t  above th e  b ed . T h is  i s  known a s  th e  w a l l  e f f e c t .
Rose a l s o  s t a t e d  t h a t  th e  c o r r e c t i o n  f o r  w a l l  e f f e c t  depends upon 
th e  R ey n o ld s  num bers d e f in in g  th e  f lo w , b u t  f o r  v a lu e s  o f  (P /d )  g r e a t e r
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8th a n  ab o u t 50 , th e  c o r r e c t io n  may, f o r  m ost p u rp o s e s ,  be n e g le c te d ;  
t h a t  f o r  Re » 4OO th e  w a l l  e f f e c t  i s  p r a c t i c a l l y  n o n - e x i s t e n t  and 
t h a t  th e  minimum o f  th e  c u r v e s ,  f o r  Re >  400 , o c c u r s  a t  (P /d )  « 5 .5  
w h a te v e r  th e  v a lu e  o f  R ey n o ld s  n um bers. The above m en tio n ed  l i m i t s  
a r e  a p p l ie d  f o r  b ed s  o f  s p h e r i c a l  m a t e r i a l s  o n ly .  The P i s  th e  
d ia m e te r  o f  b ed  tu b e  and d i s  th e  d ia m e te r  o f  s p h e r i c a l  p a r t i c l e ,
D. S in c e  th e  flo w  p a th  i s  c u r v i l i n e a r  i n  p o ro u s  m ed ia , th e  
f l u i d  flo w  i n  i t  u n d e rg o e s  c o n t in u a l  c y c l e s  o f  a c c e l e r a t i o n  and 
d e c e l e r a t i o n .  T h ese  w ould  r e s u l t  i n  in c r e a s e d  e n e rg y  l o s s  c a u se d  
by se c o n d a ry  f lo w  and in c r e a s e d  s h e a r  s t r e s s e s  c r e a t e d  by th e  f a s t e r  
m oving f l u i d  f i l a m e n t s  f a n n in g  o u t  c l o s e  t o  th e  g r a i n  s u r f a c e s ,
E , The f lo w  th ro u g h  a  bed  o f  g r a n u la r  m a t e r i a l  can  be  r e g a rd e d  
a s  f lo w  p a s t  a  num ber o f  in d i v id u a l  s o l i d  b o d ie s .  I t  i s  e v id e n t  t h a t  
a s  f l u i d  f lo w n  th ro u g h  th e  g r a n u la r  m a t e r i a l s ,  w akes a r e  fo rm ed  and 
a s  th e  v e l o c i t y  i n c r e a s e s ,  b o th  th e  wake and  th e  t u r b u l e n t  l a y e r  
t h i c k n e s s  on  th e  s u r f a c e  o f  th e  ro c k  in c r e a s e s ,
p .  E le c tro c h e m ic a l  r e a c t i o n s  may c a u se  d e v i a t i o n  from  P a r c y 's  
Law a t  v e ry  low  R ey n o ld s  num bers,
2 . 5 .  P i s c u s s io n  on The U pper L im it o f  Parcy* s law
T h e re  i s  no do u b t t h a t  P a rc y » s  Law i s  n o t  a  u n i v e r s a l  law  f o r  a l l  
f lo w  re g im e s  and f o r  a l l  k in d s  o f  b ed  m a t e r i a l s .  What i s  th e  u p p e r  
l i m i t  o f  P a rc y ' s Law th e n ?  Many e f f o r t s  h ad  b e e n  made to  f i n d  t h i s  
l i m i t  b u t  i t  seem s t h e r e  to  be no c o n s i s t e n t  a n sw e rs .
E, P r in z  (5 )  i n  1930 d e r iv e d  from  h i s  t e s t s  a  v e ry  c l e a r  g r a p h ic a l  
r e p r e s e n t a t i o n  o f  t h i s  l i m i t  as  F ig ,  2 show s.
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K= PERMEABIL­
ITY IN METRE 
PER HOUR
LIMITS
0 0. 5 1.0 1.5 2. 0 2.5
VELOCITY IN METRES PER HOUR
P ig ,  2 L im its  o f  V a l i d i t y  o f  D arcy ’ s Law
B e s id e s  B, P r in z ,  m ost o f  th e  r e s e a r c h e r s  have  t r i e d  to  r e p r e s e n t  
th e  u p p e r  l i m i t  o f  th e  D a rc y ’ s  e q u a t io n  by a  “C r i t i c a l  R eyno ld"  num ber. 
The r e p r e s e n t a t i o n  by R ey n o ld s  num bers was ch o sen  o r i g i n a l l y  b e c a u se  o f  
th e  a ssu m p tio n  o f  an  a n o lo g y  betw een  th e  f lo w  i n  tu b e s  and th e  flo w  i n  
a  p o ro u s  medium* i . e , ,  th e  l a t t e r  i s  th o u g h t to  be  e q u iv a le n t  to  an 
a ssem b lag e  o f  c a p i l l a r i e s .  T h e re fo re  r e s e a r c h e r s  h av e  b een  lo o k in g  
f o r  a  phenom enon i n  p o ro u s  m ed ia  s i m i l a r  to  th e  o n s e t  o f  tu r b u le n c e  i n  
tu b e s ,  w hich  ta k e s  p la c e  a t  a  d e f i n i t e  R ey n o ld s  num ber.
I t  was e x p e c te d  t h a t  above a  c e r t a i n  num ber, w h ich  w ould  b e  u n i ­
v e r s a l  f o r  a l l  p o ro u s  m ed ia , d e v i a t io n s  from  D a r c y 's  law  w ould o c c u r .  
B u t one m ust r e c o g n iz e d  t h a t  R eyno lds num ber i s  a  v a l i d  c r i t e r i o n  o f  
d y n am ica l s i m i l a r i t y  o n ly  i f  v g ra d  v  i n  th e  R a v ie r  S to k e s  e q u a t io n  
v a n i s h e s  i n  th e  sy s tem s  to  b e  com pared ,
Vgrad V F =  ^ y ^ g r o d  P -  ^ ^ ^ c u r l  curl  V ( 2 . 3 .1 . )
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W here v  i s  th e  l o c a l - v e l o c i t y - v e c t o r  o f  a  p o in t  o f  th e  f lu id *  T i s  
t im e i P t h e  volum e f o r c e  p e r  u n i t  m ass , p  i s  p r e s s u r e ÿ f t  i s  v i s c o s i t y  
and  p  i s  d e n s i t y .
U n f o r tu n a te ly ,  t h e  f lo w  p a th  i n  a  p o ro u s  medium i s  o u r v i l l i n e a r  
so t h a t  th e  te rm  v  g r a d  ^  i s  n o t  z e r o .  B e s id e s ,  even  f o r  th e  same 
p o r t i o n  o f  r o c k s ,  i t  i s  n o t  e a sy  to  a c h ie v e  d y n a m ic a l s i m i l a r i t y  f o r  
two s e tu p s .  Thus th e  C r i t i c a l  R ey n o ld  num ber i s  n o t  a  good c r i t e r i o n  
f o r  ju d g in g  th e  u p p e r  l i m i t  o f  D a r c y 's  law  ( 9 ) .  M oreo v er, d i f f e r e n t  
d e f i n i t i o n s  f o r  th e  c h a r a c t e r i s t i c  l e n g th  te rm  f o r  th e  R ey n o ld s  
num ber h av e  b e e n  ch o sen  f o r  d i f f e r e n t  w o rk s , P o r  exam ple :
A, P a n c h e r  (lO )
Where
" ^  ( 2 , 3 , 2, )
- m
and d = a r i t h m a t i c  mean o f  th e  o p e n in g s  i n  any two c o n s e c u t iv e  s ie v e
s i z e s ;
n = num ber o f  g r a i n s  o f  d ia m e te r  ; 
B, Rose
w here
d;a A -U - L l  ( 2 ,3 .3 . )
and  d;= t h e  s u r f a c e  mean d ia m e te r ;  
E = th e  p o r o s i t y ;
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s  = s u r f a c e  p e r  u n i t  volum e o f  p o ro u s  medium.
C. W ard ( I 9 6 6 )
 ^ ( 2. 3. 4. )
w here
• ^ = 3 6 kT.n -  E) <5-,*9  ^ 2 .3 .5 . )
and  E = th e  p o r o s i t y  ;
fèg = t h e  p a r t i c l e  sh ap e  f a c t o r  ;
Mj = th e  g e o m e tr ic  mean p a r t i c l e  s i z e ,  i n  c e n t im e te r s  *,
k = a  d im e n s io n le s s  c o n s ta n t  t h a t  dep en d s on  th e  sh ap e  o f  th e  
c r o s s  s e c t i o n  o f  flo w ,
To= t h e  t o r t u o s i t y  • 
flj = th e  g e o m e tr ic  s ta n d a rd  d e v i a t i o n .
D. W rig h t ( 1 9 6 8 )
( 2. , . 6 . )
w h ere  d ; = s u r f a c e  mean d ia m e te r  o f  g r a i n  ; 
i » h y d r a u l i c  g r a d i e n t  *,
E = p o r o s i t y  .
T hese  c r i t e r i a  g iv e  r i s e  to  th e  g r e a t  d is c r e p a n c y  i n  th e  answ ers  
fo u n d  by d i f f e r e n t  r e s e a r c h e r s .  The v a lu e s  ra n g e  be tw een  0 .1  and 75. 
The ra n g e  o f  u n c e r t a i n t y  o f  th e  f a c t o r  i s  750. T h e r e f o re ,  a t te m p ts  
to  f i n d  th e  u p p e r  l i m i t  f o r  th e  D a rc y 's  law  by in t r o d u c in g  a  R ey n o ld s  
num ber w h ich  w ould  become c r i t i c a l  a b o u t a  c e r t a i n  v a lu e  u n i v e r s a l  
f o r  a l l  p o ro u s  m ed ia , h av e  f a i l e d  ( 9 ) .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
12
2 .4 .  One D im en sio n a l Flow E q u a tio n s
The s o lu t i o n  o f  th e  n o n - l i n e a r  f lo w  i n  p o ro u s  m ed ia  c a n  he p u t  
i n t o  m a th e m a tic a l te rm s  i n  two w ays, i . e .  by t h e o r e t i c a l  d ev e lo p m en ts  
o r  by t r i a l  f i t t i n g  o f  e q u a t io n s  to  th e  e x p e r im e n ta l  d a t a  so a s  to  
o b t a in  a  c o r r e l a t i o n  be tw een  th e  h y d r a u l i c  g r a d ie n t  and f lo w  v e l o c i t y .
2 . 4 . 1 . T h e o r e t i c a l  D evelopm ents
A . B ased  on  th e  K ozeny e q u a t io n  and th e  B la k e 's  g ro u p ;
Carman (1 1 ) s t a r t e d  from  an e q u a t io n  p o s tu l a t e d  by 
R ey n o ld s  (11 ) f o r  th e  flo w  i n  l i n e a r  tu b e s  w here th e  r e s i s t a n c e  o f f e r e d  
by f r i c t i o n  to  m o tio n  o f  t h e  f l u i d  i s  r e p r e s e n te d  a s  t h e  sum o f  two 
te rm s ,  i . e .
^ ^  =  a V  +  b V *  ( 2 . 4 . 1 . 1 .  )
The f a c t o r s  a  and b a r e  f u n c t i o n s  o f  th e  sy s te m .
Carman th e n  assum ed t h a t  t h i s  e q u a t io n  i s  a l s o  v a l i d  f o r  f lo w  
i n  p o ro u s  m ed ia  w h ich  im p l ie s  t h a t  t h e  medium i s  assum ed to  be 
e q u iv a le n t  to  an assem bly  o f  c a p i l l a r i e s .  He p ro c e e d e d  to  i n t e r p r e t  
t h e  two te rm s  a s  r e p r e s e n t in g  v is c o u s  and  k i n e t i c  e n e rg y  l o s s e s  
r e s p e c t i v e l y .  S in c e  th e  Kozeny e q u a t io n  f o r  la m in a r  f lo w  i s
r  =  ( 2 . 4 . 1 . 2 .  )
w here  S = p a r t i c l e  s u r f a c e  f o r  u n i t  volum e o f  th e  bed  s  S* ( 1 -  E ) j  
S ,=  s p e c i f i c  s u r f a c e  ;
T  = th e  B la k e 's  g ro u p  = j
t h e r e f o r e  u s in g  th e  R eyno lds  e q u a t io n  ( 2 . 4 . 1 . 1 . ) ,  th e  Kozeny e q u a t io n
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f o r  t u r b u l e n t  f lo w  w ould  be
-  5 M S  , , ( 2 . 4 . 1 . 5 .  )
T p W T  p v  *
on  s u b s t i t u t i o n ,  i t  becom es
T h is  e q u a t io n  i s  v a l i d  f o r  th o s e  p o ro u s  m ed ia  t h a t  h av e  p o re  
t e x t u r e  u n ifo rm  enough to  s a t i s f y  th e  Kozeny e q u a t io n .
B. R ey n o ld  num ber and  f r i c t i o n  f a c t o r  r e l a t i o n s h i p  
L in q u iS t  ( lO )  u s e d  a  f r i c t i o n  f a c t o r
^ ( 2 . 4 . 1 . 5 .  )2 L p V
and  R ey n o ld s  num ber
R = _ E V ^  ( 2 . 4 . 1 . 6 . )
w here  d = d ia m e te r  o f  th e  g r a in s .
L in g u is t  r a n  e x p e r im e n ts  w i th  s h o t  o f  u n ifo rm  s i z e  and th e n  u s e d  
R % a s  y  a x i s  and R a s  x  a x i s  and  he  found  t h a t  th e  d a t a  f o r  R >  4
b e in g  w e ll  r e p r e s e n te d  by  th e  l i n e a r  r e l a t i o n s h i p
R;J =  0 -i-b R ( 2 . 4 . 1 . 7 .  )
o r
i =  a, b, R ( 2 . 4 . 1 . 8 .  )
He fo u n d
A = _ L _  
d 6 0
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C. S t a t i s t i c a l  T h e o r ie s
G ibbs (1 2 )  assum ed t h a t  a  p a r t i c l e  i n  a  s p e c i f i c  %rstem 
(p o ro u s  medium) w i l l ,  i n  t im e ,  e n c o u n te r  a l l  th e  c o n d i t io n s  t h a t  a r e  
p r e s e n t  i n  th e  many s y s te m s  (p o ro u s  m ed ia) r e p r e s e n t in g  th e  en sem b le .
I n  o t h e r  w o rd s , h e  assum ed t h a t  one can  in te r c h a n g e  t im e -a v e ra g e s  and 
en sem b le  a v e r a g e s .  T h is  i s  c a l l e d  th e  e rg o d ic  h y p o th e s i s .  I t  e n a b le s  
on e  to  t r e a t  th e  p a th  o f  a  p a r t i c l e  th ro u g h  a  sy stem  (p o ro u s  medium) 
by  s t a t i s t i c s ,  a l th o u g h  th e  l a t t e r  i s ,  i n  f a c t ,  e n t i r e l y  d e te rm in e d  
by th e  b o u n d ary  c o n d i t io n s .
T h e re  a r e  t h r e e  s t e p s  i n  th e  s t a t i s t i c a l  a n a l y s i s ;
F i r s t , o n e  c h o o s e s  an ensem b le  r e p r e s e n t in g  a l l  th e  p o ro u s  
m e d ia  t h a t  we w ish  to  c a l l  " i d e n t i c a l " .
S e c o n d ly , one  c h o o se s  th e  ty p e  o f  s t a t i s t i c s  to  be  
em ployed. By v i r t u e  o f  th e  e rg o d ic  h y p o th e s i s ,  t h i s  can  a l s o  be  
e x p re s s e d  by s a y in g  t h a t  one h a s  to  ch o o se  "w hat h ap p en s  i n  e ac h  tim e  
t i m e - s t e p " .  F o r  i n s t a n c e ,  i f  o n e s  assum es a  random  d i s t r i b u t i o n  o f  
r e s id e n c e  t im e s ,  th e n  t h e  C e n t r a l  L im it Theorem , g iv e s  a  G a u ss ia n  
d i s t r i b u t i o n  f o r  th e  p r o b a b i l i t y - d e n s i t y  'V ^for a  s p e c i f i c  p a r t i c l e  
b e in g  a t  th e  p o s i t i o n  X a t  tim e  T w here  i s  th e  a v e ra g e  p o s i t i o n  o f  
th e  p a r t i c l e .  One o b ta in s
»|'p(X,T) =  {4TT DoT)"^ exp [ - { X - X ) * / 4  D.T 1 ( 2 . 4 . 1 . 9 . )
T h is  a u to m a t i c a l ly  im p l ie s  t h a t  th e  f u n c t io n  , e x p re s s e d  i n  
"mean" c o o r d in a te s  x  , ( i . e .  c o - o r d in a t e s  i n  w h ich  t h e r e  i s  no mean 
f lo w ) i s  s u b je c t  to  a  d i f f u s i v i t y  e q u a t io n
- | ^  =  ( 2 . 4 . 1 . 1 0 . )
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w h ere  D .i s  a  " f a c t o r  o f  d i s p e r s io n " .
F i n a l l y ,  c o n s id e r  w hat h ap p en s  i n  e ac h  sm a ll t i m e - s te p .
T h is  i s  c a l l e d  th e  "m icro  d y n am ics" . The m icro  d y n am ica l a s su m p tio n  
s p e c i f i e s  w h e th e r  we a r e  c o n s id e r in g  la m in a r  f lo w , t u r b u l e n t  f lo w , 
K nudsen (m o le c u la r )  f lo w , o r  so m e th in g  e l s e  i n  e a c h  m ic ro s c o p ic  flo w  
c h a n n e l .  The m icrodynam io  a ssu m p tio n  d o es  n o t  change  th e  fu n d am e n ta l 
d i f f u s i v i t y  e q u a t io n ,  b u t  g iv e s  a  m eans o f  c o r r e l a t i n g  th e  c o n s ta n t s  
s e c u r in g  t h e r e i n  w ith  o th e r  p r o p e r t i e s  o f  th e  p o ro u s  medium.
F o llo w in g  th e s e  th r e e  s t e p s ,  an  e q u a t io n  f o r  t u r b u l e n t  
f lo w  i s  g iv e n  a s  fo l lo w s  ;
l a p  ( D.f ) +  d iv [ m p a n^ J I g r o d  P |  ]  ( 2 . 4 . 1 . I I .  )
w h ere  m i s  a  c o n s ta n t  o f  th e  p o ro u s  medium; la p  i s  th e  L a p la c e  
o p e r a t o r ;  p t h e  m ass d e n s i t y  hy i s  th e  u n i t  v e c t o r .  F o r  i n  com­
p r e s s i b l e  flo w  e q u a t io n  ( 2 .4 . 1 .  H )  becom es
I a p ( D.p ) -  d IV [ m  p* n j | grad P | ]  =  0  ( 2 . 4 . 1 . 1 2 .  )
E q u a tio n  ( 2 .4 .1 .1 1 )  shows two e f f e c t s  i n  t u r b u l e n t  flo w  
th ro u g h  p o ro u s  m edia:
1 . a  d i s p e r s i v i t y  e f f e c t ;
2 . th e  a v e ra g e  tu r b u l e n t  f lo w  th ro u g h  a  s e t  o f  sm a ll
c h a n n e ls .
D. C a p i l l a r i c  M odels
From th e  th e o ry  o f  c a p i l l a r i c  m odels ( 9 ) ,  th e  la m in a r  
f lo w  e q u a t io n  can  be e x p re s s e d  as
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P ( 2 . 4 . 1 . 1 5 . )
and  th e  t u r b u l e n t  flo w  te rm  can  b e  e x p re s s e d  a s
d P =  c dX ( 2.4.1.14. )
w here  i s  th e  p r e s s u r e  g ra d ie n t^  c and c' a r e  c e r t a i n  c o n s ta n t s ;
V i s  th e  m ic ro s c o p ic  v e l o c i t y ;  S i s  th e  p o re  d ia m e te r ,  p i s  th e  
d e n s i t y .
T h e re fo re
Pa -  P.  =  _  j Cj y X.  dS 4- V  d s  ( 2 . 4 . 1 . 15 . )
By f u r t h e r  s u b s t i t u t i o n s ,  e q u a t io n  ( 2 .4 .1 .1 5 )  becom es 
g r a d  P =  _  V [ j &"ol (6) d g ] *  +
v ' ( 2 - 4 .1 .1 6 .  )
w h ere  T« i s  t h e  t o r t o u s i t y ;  #  i s  a  c o n s ta n t .
E q u a tio n  ( 2 .4 .1 .1 6 )  a p p e a rs  to  b e  o f  t h e  form
g r a d  P =  a V +  bV*  ( 2. 4 . 1 . 17,  )
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2 . 4 . 2 .  B n p i r i c a l  D evelopm ents
A. The m ethod o f  d im e n s io n a l a n a l y s i s
Ward ( 2 )  assum ed th e  f l u i d  f lo w  th ro u g h  p o ro u s  m ed ia  
i s  g o v e rn e d  by ^  = p r e s s u r e  g r a d i e n t  ; K = p e r m e a b i l i ty ,  ^  = m ass
d e n s i t y  o f  t h e  f l u i d ;  f k  = a b s o lu te  v i s c o s i t y  of t h e  f l u i d  and 
V = m a c ro sc o p ic  v e l o c i t y .  He e x p re s s e d  th e s e  i n  an  e q u a t io n
f  ( 2 .4 .2 .1 .  )
I n t r o d u c in g  th e  fu n d a m e n ta l u n i t s  o f  m ass M , l e n g th  
L ,  and  t im e  T  o f  th e  v a r io u s  p a r a m e te r s  and s o lv in g  f o r  % , y and  z 
i n  te rm s  o f  W , y i e l d s
=  f  ( V ^ K ^ ^ e  ( 2 - 4 .2 - 2 -  )
Then h e  u s e d  th e  e q u a t io n  s u g g e s te d  by M, M uskat (1 0 ) 
f o r  t u r b u l e n t  f lo w  i n  p o ro u s  m e d ia , i . e .
4 f = a V  +  b V *  ( 2 . 4 . 2 . 3 .  )
f o r  h i s  r a t i o n a l  d e v e lo p m e n t. He com bined e q u a t io n s  ( 2 . 4 . 2 . 2 . )  and 
( 2 .4 * 2 . 3 . )  y i e l d s
i f  =  +  ( 2 . 4 . 2 . 4 .  )
w-l
i n  e q u a t io n  ( 2 . 4 . 2 . 4 . )  C , = l i  C ,=  C . Then
( 2 . 4 .2 . S .  )
d L K K*
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i n  w h ich  Ç = 0 .5 5 0  i  0 .0 2 4  r e p r e s e n t s  a  d im e n s io n le s s  c o n s ta n t  t h a t  
w as th e  same v a lu e  f o r  a l l  p o ro u s  m ed ia .
E q u a t io n  ( 2 .4 * 2 .5 . )  i s  su p p o se d  to  be  u n i v e r s a l  f o r  a l l  
p o ro u s  m ed ia  and  f lo w  re g im e s .
Rose (6 )  and  c o -w o rk e rs  made a  th o ro u g h  s tu d y  o f  th e  
p o s s i b l e  v a r i a b l e s  t h a t  m ig h t in f lu e n c e  f lo w  and  t h e  d im e n s io n le s s  
c o m b in a tio n s  i n  w h ich  th e y  m ig h t o c c u r  i n  a  f lo w  e q u a t io n .
They assum ed t h a t  th e  m a c ro sc o p ic  v e l o c i t y  V th ro u g h  a  
b e d  o f  g r a n u l a r  m a te r i a l  d epends upon th e  d e n s i ty  p  ; v i s c o s i t y  f i ,  ; 
t h e  th ic k n e s s  o f  th e  b ed  h.  ; g r a in  d ia m e te r  d o f  th e  b e d ; th e  
d ia m e te r  D o f  t h e  c o n t a in e r  w hich  th e  bed  i s  p a c k e d ; th e  p o r o s i t y  £  , 
t h e  g r a v i t y  g ; t h e  d i f f e r e n c e  o f  h y d r a u l i c  h ead  H. a c r o s s  th e  bed ; 
t h e  h e ig h t  e o f  t h e  s u r f a c e  ro u g h n e ss  o f  th e  p o r e s ;  th e  sh ap e  o f  th e  
p a r t i c l e  Z ; t h e  d i s t r i b u t i o n  o f  th e  g r a i n  U • Thus th e  r e l a t i o n ­
s h ip  g o v e rn in g  " tu r b u le n t "  flo w  i n  p o ro u s  m ed ia  may b e  w r i t t e n  
s y m b o l ic a l ly  a s  fo l lo w s
H. = f  ( V , h ^ d , D , E , e , Z , U , ; t , f , g )  ( 2 . 4 . 2 . Ô .  )
As a  r e s u l t  by th e  m ethod o f  d im e n s io n a l a n a l y s i s ,  
e q u a t io n  becom es
f = (  (  ( - T f  ( V  ^ '" 1  ( 2 . 4 . 2 . 7 .  )
U n f o r tu n a te ly ,  d im e n s io n a l a n a l y s i s  i s  n o t  a b le  to  
y i e l d  more in f o r m a t io n  th a n  i s  e x p re s s e d  by e q u a t io n  ( 2 . 4 . 2 . 7 . ) .
The form  o f  th e  f u n c t i o n  h a s  to  be d e te rm in e d  e x p e r im e n ta l ly .
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B. I n t u i t i v e  F orm ulae
F o rc h e im e r  (1 3 ) s u g g e s te d  t h a t
i =  a V + b V *  ( 2 . 4 . 2 . 8 .  )
i n  w hich  a  and b w ere c o e f f i c i e n t s  d e p en d in g  on th e  p h y s ic a l  p ro p e r ­
t i e s  o f  th e  sy s te m . The te rm  bV* i s  th e  te rm  f o r  eddy l o s s  c o r r e c t ­
io n  and  th e  te rm  oV i s  th e  te rm  f o r  la m in a r  f lo w .
L a te r  F o rc h e im e r (1 3 ) added  a  t h i r d  te rm  g iv in g
i =  oV +  b V * 4 c V ’ ( 2 . 4. 2. 9 . )
R ose (6 )  s u g g e s te d  t h a t  th e  f r i c t i o n  f o r  n o n - l i n e a r  flow  
c a n  be  e x p re s s e d  a s  fo l lo w
f  =  + 14 ( 2 . 4 . 2 . 1 0 .  )
i n  w hich  i s  a  te rm  f o r  la m in a r  f lo w ; .. i s  a  te rm  f o r
t r a n s i t i o n  f lo w ; 14 i s  an a b s o lu te  c o n s ta n t  f o r  th e  t u r b u l e n t  f lo w :
S in c e
f  ( 2 .4 .2 .11 .  )
and
R =  ^ j  ( 2 . 4 . 2 . 1 2 .  )
I t  can  be shown t h a t  e q u a t io n  ( 2 . 4 . 2 . 1 0 . ) i s  e q u iv a le n t  to
i = o V + b V * + c V ^  ( 2 . 4 . 2 . 1 3 .  )
K ro b e r (3 )  p ro p o se d  th e  e q u a t io n
i = oV" { | < n < 2 )  ( 2.4.2.14. )
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i n  w h ich  a  and  n  a r e  fu n c tio n *  o f  v e l o c i t y ,  p o r o s i t y ,  d ia m e te r  o f  th e  
ro o k ,  v i s c o s i t y ,  shape  f a c t o r  and th e  d i s t r i b u t i o n  o f  th e  ro c k ,
2 .5 .  Two D im e n sio n a l Flow  E q u a tio n s
2 . 5 .1 .  F i n i t e  D if f e r e n c e  S o lu t io n
A g e n e r a l  e q u a t io n  f o r  flo w  o v e r  and th ro u g h  r o c k f i l l  b an k s  t h a t  
i s  v a l i d  f o r  a l l  flo w  re g im e s  w as g iv e n  by P a r k in  (1 4 )  a s  f o l lo w s :
^yyX^x + ) + (N - 1 ) Wx ^ x ^ ^  W iP^xy+4^)" °  (2 .5 .1 .1 .)
i n  w h ich  0 = - ^  p ie z o m e t r ic  h e a d  a n d N = -^ . The v a lu e s  f o r  a  and n  a r e  o b ta in e d
from  th e  e m p ir ic a l  e q u a t io n  i = o V
C u r t i s  and Lawson (1 5 )  s u g g e s te d  t h a t  th e  e q u a t io n  c a n  be s o lv e d  
by s u c c e s s iv e  a p p ro x im a tio n s  a p p l ie d  to  a  f i n i t e  num ber o f  node p o in t s .
The m ain  s t e p s  i n  th e  d ev e lo p m en t o f  th e  s u c c e s s iv e  a p p ro x im a tio n s  ap p ro ach
f o r  a  sq u a re  g r i d  sy stem  a r e  g iv e n  be low .
6
I M i l l
( I . J )
(1*1. J H )






Fi g .  3 S q u a r e  Gr id  S y s t e m
U sin g  th e  m ethod o f  f i n i t e  d i f f e r e n c e s ,  i t  i s  fo u n d  t h a t
(0i+0r)(0-0ic) + 0,-0s)(0!r0 ^(01+ Bfer04T + (B^+0r)i0irBfr) ( 2 . 5. 1 . 2. )
( 0,-iZy*+ { 0 £ - 0 j Ÿ
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2 , 5 . 2 .  M ethod o f  T ra n s fo rm a tio n
E ng elu n d  ( 9 ) s t a t e d  t h a t  th e  s t r e a m l in e s  and  th e  e q u i p o t e n t i a l  
l i n e s  form  an  o r th o g o n a l  sy s te m  i n  n o n - l i n e a r  se e p a g e  f lo w . E ngelund  
s t a r t e d  w i th  th e  f o l lo w in g  assum ed e q u a t io n s  
2) P _- | - Y = F ( V ) V x (2 .5.2.1.)
and
-  ^  y  “ F ( V ) V y  ( 2 . 5 . 2 . 2 . )
i n  w h ich  P i s  th e  p r e s s u r e ,  7  i s  th e  m a c ro sc o p ic  v e l o c i t y ,  and  Vy 
a r e  th e  v e l o c i t y  com ponents i n  th e  x  and y  d i r e c t i o n s  r e s p e c t i v e l y .
B o th  o f  th e  e q u a t io n s  ( 2 . 5 . 2 . 1 . )  and  ( 2 . 5 . 2 . 2 . )  a re  n o n - l i n e a r  
an d  a r e  t h e r e f o r e  in e x p s .d e n t f o r  d i r e c t  c a l c u l a t i o n .  He th e n  c o n s id e re d  
an  i n f i n i t e s i m a l  e le m e n t o f  f lo w  c o n f in e d  by two n e ig h b o u r in g  s tre a m ­
l i n e s  and two l i n e s  o f  c o n s ta n t  p r e s s u r e .  The e q u a t io n  o f  c o n t i n u i t y  
c a n  th e n  be w r i t t e n
( 2 . 5 . 2 . 3 . )
w h ere  n  and s  a r e  th e  l e n g th  o f  a r c  a lo n g  c u rv e s  = c o n s ta n t  and  p = 
c o n s t a n t  r e s p e c t i v e l y .  S in c e  c u r l  g r a d  = 0 ,  th e  f lo w  e q u a t io n s  ( 2 , 5 . 2 . 1 . )  
and  ( 2 . 5 . 2 . 2 . )  c a n  be w r i t t e n  a s  f o l lo w s :
cu r l  [ F dVDV] = O ( 2 . 5 . 2 . 4 . )
By m eans o f  S toke* s th eo rem  t h i s  c o n d i t io n  may b e  e x p re s s e d  by
I 3 f ^ s  ) -  I b / p v )  ( 2 . 5 . 2 . 5 . )
"  " S T ’ a n  FV a n  '
He th e n  p ro c e e d s  t o  i n t r o d u c e  a s  m ore c o n v e n ie n t  in d e p e n d e n t 
v a r i a b l e s  t h e  m a c ro sc o p ic  v e l o c i t y  7 and  th e  a n g le  6  b e tw een  th e  
v e l o c i t y  v e c t o r  7  and th e  x  a x i s .  The a n g le  d i f f e r e n c e  b e tw een  th e  two
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s t r e a m l in e s  o f  th e  e le m e n t i s  g iv e n  by
4 - g .  i -  " 1 - 6  s ( 2 . 5 . 2 . 6 . )
a n  A S a s
F u r th e rm o re ,
e )  AS = - ^  ( 2 .5 .2 .7 . )
th e s e  e x p r e s s io n s  re d u c e  to
I a (An)  e (2 .5 .2 . 8 . )
A n  b s  b n
and
 ^ (A s )  _ a 6  ( 2 . 5 . 2 . 9 . )
AS b n d s
S u b s t i t u t i o n  i n t o  e q u a t io n s  ( 2 . 5 . 2 . 5 . )  and  ( 2 . 5 . 2 . 5 . )  y i e l d s
4 4 *  4 1 ^  ( 2 . 5 . 2 . 1 1 . )
w here F ' d e n o te s  th e  d e r i v a t i v e  y
The q u a n t i t i e s  P and 'I' c an  be  in t r o d u c e d  in t o  th e s e  e q u a t io n s  
by s u b s t i t u t i o n  o f  " 4 4  ' 4 n “ * ^  e t c .  and  th u s  become
(2 . 5. 2.12.)
4 4 4 ( 4  4 ) 4 4
We may e q u a l ly  w e l l  e x p re s s  t h e  f u n c t io n s  P and vV i n  te rm s  
o f  V and 6  , and  s u b s t i t u t e  t h i s  i n t o  th e  flo w  e q u a t io n s .  The equa­
t i o n s  ( 2 . 5 . 2 . 1 2 . )  and ( 2 . 5 . 2 . 1 3 . )  th e n  become
A ^ = - y _ à P  ( 2 .5 . 2 .1 4 . )
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" F T *  ( 2 . 5 . 2 . 1 5 . )
F u r th e rm o re , Y can  be  e l im in a te d  from  th e s e  e q u a t io n s  by a p p r o p r ia te  
d i f f e r e n t i a t i o n ,  w h ich  le a d s  to
T h is  e q u a t io n  d e s c r ib e s  th e  l i n e a r  a s  w e l l  a s  n o n - l i n e a r  s te a d y  s t a t e  
f lo w  i n  p o ro u s  m ed ia .
2 . 5 . 5 .  The M ethod o f  T ra n s fo rm a tio n  and  Complex V a r ia b le s
K h r i s t i a n o v ic h  ( I 6 ) c o n s id e r s  e q u a t io n s  f o r  t u r b u l e n t  f lo w  i n  
th e  fo l lo w in g  form
i = - grod 0 =  ^ (2 .5.3.1.)
w here  V i s  th e  v e c t o r  o f  f i l t r a t i o n  v e l o c i t y ;  i i s  th e  h y d r a u l i c  g ra ­
d i e n t ;  K : 0  * y  '
F o r p la n e  m o tio n , e l im i n a t in g  0  from  th e s e  e q u a t io n s  and i n ­
c lu d in g  th e  c o n t in u i t y  e q u a t io n  o f  in c o m p re s s ib le  f l u i d ,  we g e t  th e  
sy stem
= 0  ( 2 . 5 . 3 . 3 0
In t r o d u c in g  th e  v e l o c i t y  v e c t o r  V and i t s  a n g le  0 w ith  th e  X 
a x i s ,  i n s t e a d  o f  Vx , Vy and  ta k in g  0 and  a s  th e  in d e p e n d e n t v a r i a ­
b l e s ,  th e  flo w  f u n c t io n  'j* w i l l  s a t i f y  th e  e q u a t io n s
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= -  Vy = -V  s i n  Q ( 2 .5 « 3 .4 . )
Ô X ^
F T  = Vx = V c o s  e  ( 2 . 5 . 3 . 5 . )
and  we g e t
°  ( 2 . 5 . 3 . 6 . )
a e  . v f ' ( v )  a v  _ n  ( 2 . 5 . 3 . 7 . )
T W  f  (V)  a *  "  °
F u r th e r ,  th e  a u th o r  re d u c e s  t h i s  sy stem  to  a  system  o f  f o u r  
e q u a t io n s ,  i n  w h ich  th e  f u n c t io n s  V , «V , 0 and  0  a r e  e x p re s s e d  i n  
te rm s  o f  th e  a u x i l i a r y  in d e p e n d e n t v a r i a b l e s  F  and G.
' T ^  f ~ > T v r  I g  °  °  ( 2 . 5 . 3 . 9 0
( 2 . 5 . 3 . 1 0 0
F i n a l l y ,  a  f i c t i t i o u s  f i l t r a t i o n  v e l o c i t y  i s  in t r o d u c e d
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LOG V = d V ( 2 .5 . 3 .1 2 . )
and  th e n  th e  sy stem  o f  e q u a t io n s  from  ( 2 . 5 . 3 . 8 . )  to  ( 2 .5 . 3 .1 1 . )  i s  
r e p la c e d  by
% LOG V _ Z 9  _ ( 2 .5 . 3 . 1 3 . )
2> G 8 F '  ^
» LOG V 4 _ à _ e _ _ o  ( 2 . 5 . 3 . 1 4 . )
8 F 8 G
A J L - . l A îL  ( 2 .5 . 3 . 1 5 . )
8 F 8 G
t 4  * 1 - 4 $ -  ( 2 . 5 . 3 . 1 6 . )
w here
( 2 . 5 . 3 . 1 7 . )
H ere F + iG = f(X  + iY ) , w here  f  i s  an a n a l y t i c  f u n c t io n .
I f  th e  s o lu t i o n  o f  th e  sy stem  o f  e q u a t io n s  from  ( 2 .5 . 3 . 1 3 . )  
to  ( 2 . 5 . 3 . 1 6 . )  i s  fo u n d , one can  f i n d  X, Y from  th e  e q u a t io n s  g iv e n  
a s  f o l lo w s :
X = d \ 0  + ( 2 . 5 . 3 . 1 8 . )
d 0  - c o ^ e 2 4 7 6 0 Ü  ( 2 . 5 . 3 . 1 9 . )
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K r is t i a n o v ic h  p ro p o se d  to  s o lv e  t h e  f o u r  e q u a t io n s  i n  th e  
fo l lo w in g  m anner. Assume i n  th e  p la n e  FG a  r e g io n  a n a lo g o u s  to  th e  
r e g io n  g iv e n  i n  t h e  p la n e  XY o r  s im p ly  c o in c id in g  w i th  i t ,  and  so lv e  
t h e  f i r s t  two e q u a t io n s  ( 2 .5 . 3 .1 3 . )  qnd ( 2 . 5 . 3 . 1 4 . ) ;  th e n  s u b s t i t u t e  
th e  v a lu e  o f  7  th u s  o b ta in e d  in to  L, g e t t i n g  th u s  L( F, G ) ,  and so lv e  
e q u a t io n s  ( 2 . 5 . 3 . 1 5 . )  and  ( 2 . 5 . 3 . 1 6 . ) .
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CHAPTER THREE 
0KB DIMfflSIOHAL PLOW
In  t h i s  c h a p te r ,  th e  one d im e n s io n a l flow  i s  g o in g  to  be con­
s id e r e d .  A g e n e r a l  e q u a t io n  f o r  c ru s h e d  ro c k s  i s  d e r iv e d .  The com­
p a r i s o n  o f  th e  m e r i t s  o f  t h e  two te rm  and th r e e  te rm  e q u a t io n s  i s  
d e s c r ib e d  by th e  e x p e r im e n ta l  r e s u l t s .  The s tu d y  and  th e  r e s u l t s  o f  
d ry  p o r o s i t y ,  d r a in a b le  p o r o s i t y  to g e th e r  w ith  t h e  w a ll  e f f e c t  a r e  
m e n tio n e d . The f a c i l i t i e s ,  e x p e r im e n ta l  p ro c e d u re  and e x p e r im e n ta l  
d a t a  a r e  f u l l y  d e s c r ib e d ,
3 .1 .  B ackground and T h eo ry
One ca n  s e e  t h a t  th e  f r i c t i o n  e q u a t io n s  m e n tio n ed  i n  th e  
l i t e r a t u r e  su rv e y  can  be  s im p l i f i e d  i n t o  t h r e e  fo rm s a s  fo l lo w s ;
A. i = a V "  ( 3 . 1 . 1 . )
B. i = oV  + bV“ ( 3 . 1 . 2 . )
C. I = o V +  b V ^ f  c V ' ( 3 . 1 . 3 . )
I n  th e s e  e q u a t io n s ,  i i s  th e  h ead  d ro p  p e r  u n i t  l e n g th  and 
V i s  th e  m a c ro sc o p ic  v e l o c i t y .
E q u a tio n  ( 3 . 1 . 1 . )  i s  d e r iv e d  from  th e  f a c t  t h a t  i n  t u r b u l e n t  
f lo w , a d d i t i o n a l  en e rg y  i s  expended  in  t h e  f o r m u la t io n  o f  e d d ie s ,  
t h e r e f o r e  th e  h y d r a u l ic  g r a d i e n t  i s  no lo n g e r  l i n e a r l y  p r o p o r t i o n a l  to  
v e l o c i t y  b u t i s  p r o p o r t i o n a l  to  a  g r e a t e r  pow er th a n  u n i t y .  T h e re fo re ,  
an  exp o n en t n (a lw a y s  b ig g e r  th a n  1) i s  s u b s t i t u t e d  in t o  th e  D a rc y 's
27
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e q u a t io n  i n s t e a d  o f  1 to  a c c o u n t f o r  tu r b u le n c e .  T h is  c o n d i t io n  o f  
la m in a r  and  t u r b u l e n t  f lo w  i n  one te rm  i s  c e r t a i n l y  s im p le  i n  form  
b u t  i t s  s i g n i f i c e n c e  i s  o b v io u s ly  n o t  a s  good a s  e q u a t io n s  ( 3 . 1 . 2 . )  
and ( 3 . 1 . 3 . ) .  F o r  t h i s  r e a s o n  e q u a t io n  ( 3 . 1 . 1 . )  i s  n o t  c o n s id e re d  
i n  th e  c o m p a riso n s  o f  t h i s  s tu d y .
E q u a t io n  ( 3 . 1 . 2 . )  c o n s id e r s  la m in a r  and tu r b u l e n t  f lo w  
s e p a r a t e l y  and  e q u a t io n  ( 3 . 1 . 3 . )  c o n s id e r s  a  t r a n s i t i o n  flo w  te rm  
( bV* ) a l s o .  S in c e  th e  m ore te rm s  t h a t  a r e  in c lu d e d  i n  th e  e x p re s ­
s io n  , t h e  m ore g e n e r a l  th e  f i n a l  e x p r e s s io n ,  e q u a t io n  ( 3 . 1 . 3 . )  i s  
p ro b a b ly  b e t t e r  th a n  e q u a t io n  ( 3 . 1 . 2 . ) .  H owever, e q u a t io n  ( 3 . 1 . 3 . )  
in v o lv e s  one m ore n o n - l i n e a r  te rm  th a n  e q u a t io n  ( 3 .1 . 2 )  and t h i s  w ould  
in t r o d u c e  much c o m p le x ity  i n  th e  m a th e m a tic a l s o l u t i o n s  f o r  th e  two 
d im e n s io n a l c a s e s .  T h e r e f o r e ,  i t  i s  w is e  to  f i n d  t o  w hat e x t e n t  
e q u a t io n  ( 3 , 1 . 3 . )  w ould  b e  b e t t e r  th a n  e q u a t io n  ( 3 . 1 . 2 . ) .  T hese  e q u a t­
io n s  a re  com pared  by t h e i r  r e s p e c t iv e  c o r r e l a t i o n  c o e f f i c i e n t s .  I f  
th e  d i f f e r e n c e  i n  t h e i r  c o r r e l a t i o n  c o e f f i c i e n t s  i s  s m a ll ,  e q u a t io n  
( 3 . 1 . 2 . )  w o u ld  b e  c h o o sen  f o r  s i m p l i c i t y  i n  f u r t h e r  a p p l i c a t i o n s .
An a t te m p t to  d e f in e  an e q u a t io n  t h a t i s  s u i t a b l e  to  a l l  
s i z e s  o f  c ru s h e d  ro c k  and  a l l  flow  re g im e s  was made b a s i c a l l y  from  th e  
V /a rd 's  e q u a t io n s  ( 2 ,3 .5 » )  and  ( 2 . 4 . 1 . 4 . ) .  S in c e  e ac h  s i z e  o f  c ru s h e d  
ro c k  h a s  a p p ro x im a te ly  th e  same shape  f a c t o r ,  t o r t u o s i t y  and d im en s io n ­
l e s s  c o n s ta n t  k w hich  d ep en d s  on th e  sh a p e s  o f  th e  c r o s s - s e c t i o n  o f  
f lo w , Be c o n s id e r e d  a s  c o n s ta n t  c,  i n  th e  p e r m e a b i l i ty  K
e x p r e s s io n ,  i . e .
K = C, ( | g -V v  (3 . 1 . 4 . )
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From e q u a t io n  ( 2 , 4 . 2 , 4 . )
S u b s t i t u t i n g  e q u a t io n  ( 3 . 1 . 4 . )  in t o  e q u a t io n  ( 3 . 1 . 5 . )  y i e l d s
( 3 . 1 . 5 . )
A
C. T T Ë Y  <Ta
+  C£v _______
Mg ■ - t  r Tt M y
(3. 1. 6 .)
On s i m p l i f i c a t i o n ,  e q u a t io n  ( 3 . 1 . 6 . )  becom es
V / l o - . IrtOb A + B
( 3 . 1 . 7 . )
w here
A = _Lc. 8  =
_ c
C?
( 3 . 1 . 8 . )
An e q u a t io n  c o r re s p o n d in g  to  e q u a t io n  ( 3 . 1 . 7 . )  w as fou n d  
f o r  each  s i z e  o f  c ru s h e d  ro c k  r e s p e c t i v e l y  b u t  t h e  s lo p e  o f  th e s e  
e q u a t io n s  w ere  n o t  e x a c t ly  t h e  same. The p r o b a b le  r e a s o n  f o r  t h i s  i s  
t h a t  p o r o s i t y  i s  th e  m a jo r  f a c t o r  c a u s in g  d e v i a t i o n s ;  t h e r e f o r e  a  
f a c t o r  o f a c e r t a i n  pow er o f  p o r o s i t y  i s  m u l t i p l i e d  by th e  seco n d  te rm  
on th e  r i g h t  hand  s id e  o f  th e  e q u a t io n  i n  o r d e r  to  make th e  s lo p e s  o f  
a l l  e q u a t io n s  th e  sam e. The e q u a t io n  so fo u n d  can  be  u se d  to  e s t im a te
t h e  h y d r a u l i c  g r a d ie n t  f o r  any s i z e  o f  c ru s h e d  ro c k .
The p o r o s i t y  commonly u s e d  i s  the  d ry  p o r o s i t y .  I n  th e
s t u d i e s  o f  t h i s  r e p o r t ,  th e  d r a in a b le  p o r o s i t y  w h ich  i s  th e  r a t i o  o f  
t h e  w a te r  d r a in e d  o u t  to  t h e  t o t a l  vo lum e w as e a s i e r  t o  o b t a in  and i s  
a l s o  c o n s id e r e d .  One r e a s o n  f o r  c o n s id e r in g  th e  d r a in a b le  p o r o s i ty
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Fig.  4  A View o f  One Dimensiona l  T e s t  Sec t i on
Fig.  4 B  Enlarged View o f  Rock Sect ion
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i s  t h a t ,  i n  t u r b u l e n t  f lo w , th e  b o u n d ary  l a y e r  i s  t h i c k e r  th a n  in  
la m in a r  f lo w , i n  o th e r  w o rd s , i t s  e f f e c t  becom es m ore s i g n i f i c a n t ;  
t h e r e f o r e  t h i s  w a te r  l a y e r  d e c r e a s e s  th e  volum e o f  e f f e c t i v e  v o id s .
The e f f e c t i v e  p o r o s i t y  i n  tu r b u l e n t  f lo w  w ould b e  l e s s  th a n  th e  d ry  
p o r o s i t y .  B o th  th e  d ry  and  d r a in a b le  p o r o s i t i e s  w ere  c o n s id e r e d  in  
t h i s  s tu d y .
R ose s t a t e d  t h a t  p o r o s i ty  c o u ld  be a f f e c t e d  by th e  w a l l  
e f f e c t .  T h e re fo re  an  i n v e s t i g a t i o n  o f  th e  w a ll  e f f e c t  was made f o r  
t h e  p u rp o s e s  o f  p r e c i s i o n  and c o r r e c t i o n ,
3 . 2 ,  T e s t  E qu ipm en ts
3 . 2 , 1 ,  F a c i l i t i e s
The f a c i l i t i e s  u s e d  f o r  th e  s t u d i e s  o f  th e  one d im e n s io n a l 
f r i c t i o n  la w s  and p o r o s i t i e s  a r e  d e s c r ib e d  a s  f o l lo w s ;
A. The c e n t r i f u g a l  pump u s e d  i n  th e  e x p e r im e n ta l  s t u d i e s  h a s  
a  maximum sp e e d  o f  1700 R ,P .M ., minimum sp eed  o f  120 R ,P ,M ,, a  maximum 
h e a d  o f  9 2  f e e t  and a  maximum d is c h a r g e  o f  216 U ,S ,G ,P ,M ,,
B. A v e n tu r im e te r  i s  c o n n e c te d  to  a  m anom eter f o r  flo w  m easu re­
m e n t, The m anom eter can  g iv e  r e a d in g s  a c c u r a te  up to  1 TJ, S , g a l lo n  
p e r  m in u te ,
C. The flum e u s e d  f o r  th e  e x p e r im e n t i s  s i x t e e n  f e e t  lo n g , 
o n e  f o o t  w ide  and  f o u r  f e e t  h ig h  a s  shown in  F ig ,  4-0 & D.
B, A w a te r  t i g h t  wooden tu b e  o r  t e s t  box h a v in g  an i n t e r n a l  
c r o s s  s e c t i o n a l  a r e a  o f  11" x 11" and  l e n g th  o f  4 f e e t  was f i l l e d  w ith  
th e  v a r io u s  ro c k  sam p les  f o r  th e  one d im e n s io n a l f r i c t i o n  s t u d i e s .  The 
tu b e  was s e t  h o r i z o n t a l l y  on th e  b o tto m  o f  th e  flum e and i t s  s id e s
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s e a l e d  b e f o r e  th e  e x p e r im e n ts  w ere ru n .  See F ig .  4G.
E , The s l i d i n g  g a te  shown i n  P ig ,  4 was s e t  a t  two in c h e s  
from  th e  u p s tre a m  edge o f  th e  tu b e  to  m a in ta in  t h e  r e q u i r e d  h e a d s  f o r  
t h e  e x p e r im e n ts .  The g a t e  was h e ld  t i g h t l y  a t  th e  s id e s  by two g lo v e s  
and  a t  th e  b o tto m s by two b lo c k s .  I t  was s e a le d  to  p r e v e n t  le a k a g e ,
F , The t a i l w a t e r  g a te  c o n s i s t e d  o f  a  m ovable w e ir  h in g e d  a t  
th e  bo ttom  w ith  i t s  p o s i t i o n  c o n t r o l l e d  by an a d j u s t a b l e  ro d  a s  shown 
i n  F ig ,  4 ,
G, A b a f f l e  w as p la c e d  two f e e t  u p s tre a m  from  th e  u p s tre a m  
edge  o f  th e  tu b e  t o  sm ooth th e  tu r b u le n c e  com ing o u t  from  th e  p ip e .
See F ig ,  4 .
H, The p o r o s i ty  t e s t  b oxes o f  c r o s s  s e c t i o n a l  a r e a s  e q u a l 
t o  18" X 1 8 " , 11" X 11" and 6" x  6" a r e  shown i n  P ig ,  5 , ,  A ll  th e  
b o x e s  w ere w a te r  t i g h t ,
I ,  O th e r  f a c i l i t i e s  u se d  in c lu d e d  g r a d u a te d  c y l in d e r s ,  a  
p r e c i s i o n  b a la n c e  w ith  0 ,0 1  gram d i v i s i o n s ,  s ta n d a r d  s i e v e s ,  a  
m e c h a n ic a l s ie v e  a n a ly s e r ,  a  th e rm o m ete r and a  m anom ater,
3 . 2 ,2 ,  G e n e ra l L ayout o f  F a c i l i t i e s
The f a c i l i t i e s  a r e  shown i n  F ig s ,  4A & B5s C & D and P ig ,  5.
3 . 3 .  E x p e r im e n ta l P ro c e d u re
3 . 3 . 1 .  Flow R a te s  and Head L o sses  f o r  th e  F r i c t i o n  T e s t s
F o r  each  ro c k  s i z e ,  th e  flo w  r a t e  and c o r re s p o n d in g  head  
l o s s  w ere d e te rm in e d  a s  fo l lo w s ;
A, The m ass o f  c ru s h e d  ro c k  was w ashed and  d r i e d  b e f o r e  a  
s ie v e  a n a l y s i s  was made,
B, The d r i e d  c ru s h e d  ro c k  w as s ie v e d  by a  m e c h a n ic a l v i b r a t i n g
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m ach ine  th ro u g h  a  s e r i e s  o f  c o n s e c u t iv e  s ta n d a r d  s i e v e s  o f  1 ^ " , 1 " , 
a n d ^ " »  The ro c k s  w ere th e n  s e p a r a te d  i n t o  f i v e  g ro u p s  
i . e .  1 " -»  s'” "*' 4 ** and -*• ^  " ,  e a c h  o f  w hich
was s to r e d  i n d i v i d u a l l y  f o r  f u t u r e  u s e ,
C, B ach o f  th e  f i v e  sam p les  w ere t e s t e d .  The r o c k s  w ere 
p la c e d  i n t o  th e  t e s t  box  and  com pacted . Then a  s c r e e n  was p la c e d  in to  
t h e  box and  h e ld  v e r t i c a l l y  and t i g h t l y  a t  th e  dow nstream  f a c e  o f  th e  
c ru s h e d  ro c k  by an i r o n  ro d  th ro u g h  th e  to p  and  b o tto m  o f  th e  box as  
shown i n  F ig ,  4A.
B, The box  w as th e n  l i f t e d  and p u t  i n t o  t h e  flu m e  i n  th e  
h o r i z o n t a l  p o s i t i o n  a s  shown i n  P ig ,  4A.
E, The s l i d i n g  g a te  shown i n  F ig ,  4 C w as th e n  s e a le d  so t h a t  
a  c e r t a i n  h e a d  d i f f e r e n c e  be tw een  th e  u p s tre a m  and dow nstream  c o u ld  be  
o b ta in e d .  L eakage a lo n g  th e  s id e s  o f  th e  g a te  and  t h e  box was p r e v e n te d  
by p l a s t i c i n e  s e a l i n g ,
F ,  B e fo re  th e  flo w  was ru n ,  th e  v e n t u r i  m e te r  w as z e ro e d ,
G, The pump w as th e n  s t a r t e d  and w a te r  w as d e l iv e r e d  to  
h e a d  ta n k ,  B i f f e r e n t  f lo w  r a t e s  ( q  ) w ere  rvin and  t h e i r  m a g n itu d e s  
w ere  r e a d  and r e c o rd e d  from  th e  v e n tu r im e te r ,
H, The h y d r a u l i c  g r a d i e n t s  b e tw een  th e  end  p o i n t s  (1 )  and 
(2 )  shown i n  P ig ,  4 C w ere  r e a d  from  th e  m anom eter on t h e  s id e  o f  th e  
flu m e  and r e c o rd e d  f o r  e a c h  f lo w . At low flo w  r a t e s ,  th e  m ovable 
w e i r  was r a i s e d  so t h a t  th e  sam ple w as a lw ays b e  subm erged ,
I ,  A f te r  an  a d e q u a te  num ber o f  flo w  r a t e s  and h y d r a u l i c  
g r a d i e n t s  w ere  o b s e rv e d , t h e  s l i d i n g  g a t e  w as rem oved and th e  t e s t  
box  w as rem oved from  th e  f lu m e . The t e s t  box w as th e n  s to o d  u p r ig h t
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an d  w as s e a le d  a t  th e  b o tto m  f o r  th e  d e t e r m in a t io n  o f  d r a in a b le  p o ro ­
s i t y  a s  d e s c r ib e d  i n  th e  fo l lo w in g  s e c t i o n  ( 3 . 3 .3 « ) .
J ,  The ro c k s  t e s t e d  w ere  e m p tie d  and th e  new sam ple was 
p la c e d  i n  th e  t e s t  box and  th e  e x p e r im e n t was r e p e a te d .
3 . 3 . 2 .  Rock W e ig h ts  and  Volumes
The w e ig h ts  and  vo lum es o f  th e  p a r t i c l e s  o f  e a c h  ro c k  
sam p le  w ere d e te rm in e d  a s  f o l lo w s ;
A. T h i r t y  p a r t i c l e s  w ere ta k e n  from  e a c h  s i z e  o f  r o c k .
B. E ach  p a r t i c l e  w as w e ig h ed  by a  c a l i b r a t e d  b a la n c e  and 
th e  w e ig h t w as r e c o rd e d .
C. A g r a d u a te d  c y l i n d e r  w as f i l l e d  w i th  w a te r  and  th e  
vo lum e o f  w a te r  (VV ) was r e c o r d e d .  Then eac h  p a r t i c l e  was d ro p p ed  
i n t o  th e  c y l i n d e r  and  th e  t o t a l  volum e ( ) was r e c o r d e d .  The volum e
( Wj ) th e  sam ple  i s  Wg = W-, -  W
D. A f t e r  th e  f i r s t  sam ple was f i n i s h e d  ( b) and (C ) w ere  
r e p e a te d  f o r  th e  o t h e r  sa m p le s ,
3 . 3 . 3 .  D ra in a b le  p o r o s i t i e s
The d r a in a b le  p o r o s i t y  f o r  each  s i z e  o f  ro c k  i n  th e  th r e e  
b o x e s  w ere  d e te rm in e d  a s  fo l lo w s :
A. T e s t s  w ere  f i r s t  ru n  on th e  6" by 6" box.
B. The f i r s t  s i z e  o f  ro c k  w as p la c e d  i n  th e  t e s t  box  and
th e n  th e  box  w as sh ak en  f o r  co m p ac tio n .
G, W a te r w as p o u re d  o n to  th e  t e s t  box  u n t i l  d r a in a g e  o c c u r re d
from  th e  p ip e  (B) shown i n  F ig .  5 .
D. A s to p p e r  w as a p p l ie d  t o  c lo s e d  p ip e  ( B) .
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E . A known volum e o f  w a te r  ) was m e asu red  and p o u re d  
i n t o  a  c o n t a in e r  f o r  u s e ,
E. A s to p p e r  was a p p l ie d  to  p ip e  (A) shown i n  P ig ,  5»
G. The w a te r  i n  th e  c o n t a in e r  was p o u re d  to  f i l l  th e  box
t o  j u s t  above th e  l e v e l  o f  p ip e  ( A) .  Then th e  s to p p e r  on p ip e  (A) was
rem oved and th e  e x c e s s  w a te r  ( VV») t h a t  d r a in e d  o u t  was m e asu re d .
H. The volum e o f  w a te r  (Wy) r e t a i n e d  by th e  v o id s  i s
Wk“ w - w«
I .  The above p ro c e d u re  w as u s e d  f o r  a l l  sam p les  and  a ls o  
f o r  th e  18” by 18” and 11” by 11” t e s t  b o x es .
J .  The t o t a l  v o lum es o f  t h e  b o x es  w ere  d e te rm in e d  i n  th e  
fo l lo w in g  w ay. B o th  o f  th e  p ip e s  (A) and (B) w ere  c lo s e d  and  th e  box 
f i l l e d  to  th e  l e v e l  o f  p ip e  ( A ). P ip e  (A) was op en ed  and th e  w a te r  
w as d r a in e d  to  th e  l a s t  d ro p . P ip e  (B) was th e n  opened  and th e  w a te r  
t h a t  d r a in e d  o u t  w as m e a su re d . I t s  v a lu e  i s  t h e  t o t a l  volum e d e s i r e d .
3 .4 .  R e s u l t s  o f  E x p e rim e n ts  
3 .4 .1 *  Flow  R a te s  and  Head L o sse s
The flo w  r a t e s  and  h ead  lo s s e s  f o r  e ac h  sam ple o f  c ru sh e d
ro c k  a re  shown i n  th e  f o l lo w in g  T a b le s  3 to  7.
3 .4 .2 .  W eigh t and Volume
The w e ig h t and volum e f o r  each  sam ple o f  c ru s h e d  ro c k  
a r e  shovm i n  th e  fo l lo w in g  T a b le s  8 to  12.
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TABLE 5 .  -  3.512  cm. CRUSHED ROCK
HUMBER FLOY! IH U .S . GALLOH PER MIHUTE HEAD LOSS IH CENTIMETER
1 2 3 7 .5  1 0 .2 5 5 1 .2  t  0 . 5
2 2 4 3 .5 5 8 .8
3 2 4 1 .5 5 6 .3
4 2 3 9 .5 5 4 .2
5 2 3 8 .5 5 2 .5
6 2 3 6 .7 5 0 .9
7 2 3 1 .0 4 9 .1
8 2 2 7 .5 4 7 .5
9 2 2 4 .3 4 6 .7
10 2 1 9 .8 4 4 .5
11 2 1 3 .0 4 2 .7
12 2 1 6 .8 4 3 .9
13 2 1 0 .1 4 1 .6
14 2 0 7 .3 4 0 .5
15 2 0 4 . 4 3 8 .7
16 1 9 6 .0 3 6 ,1
17 1 9 0 .8 3 4 .2
18 1 8 5 .8 3 2 .5
19 1 8 2 .9 3 1 .5
20 1 7 5 .0 2 9 .5
21 1 7 2 .5 2 8 .4
22 1 6 8 .0 2 7 .1
23 1 6 5 .0 2 6 .2
24 1 5 8 .5 2 4 .7
25 1 4 2 .5 1 9 .4
26 1 3 4 .0 1 7 .5
27 1 3 1 .0 1 6 .3
28 1 2 7 .0 1 5 .4
29 1 2 3 .4 1 4 .7
30 1 1 9 .8 1 4 .0
31 1 1 5 .9 1 3 .1
32 1 1 2 .0 1 2 .3
33 1 0 8 .5 1 1 .7
34 1 0 4 .0 1 0 .6
35 9 7 .5 9 .7
36 9 5 .0 9 . 0
37 8 7 .0 7 .8
38 8 1 .5 7 .0
39 7 7 .0 6 .2
40 7 1 .5 5 .5
41 6 8 .6 4 .7
42 6 3 .5 4 .2
43 5 7 .5 3 .4
44 5 2 .0 2 .9
45 4 6 .8 2 .3
46 3 5 .0 1 .6
47 2 5 .0 1 .3
48 1 4 8 .8 21 .6
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TABLE 4 .  -  2 .0 0 8  cm. CRUSHED ROCK
NUMBER PLOW IN U. S. GALLON PER MINUTE HEAD LOSS IN CENTIMETER
1 3 0 .0  t  0 .2 5 1 .7  i  0 .5
2 3 5 .0 2 .2
3 4 0 .0 3 .1
4 5 0 .2 4 .7
5 4 2 .5 3 .5
6 4 6 .0 3 .9
7 5 5 .0 5 .7
8 6 2 .0 7 .1
9 6 8 .0 8 .3
10 7 4 .5 9 .5
11 8 1 .0 1 1 .5
12 8 6 .0 1 2 .8
13 7 7 .0 1 0 .6
14 8 1 .2 1 1 .7
15 9 1 . 0 1 4 .5
16 9 4 .2 1 5 .5
17 1 0 1 .5 1 7 .5
16 1 0 6 .0 1 9 .5
19 1 1 1 .0 2 1 .4
20 1 1 3 .9 2 2 .2
21 1 1 8 .5 2 3 .9
22 1 2 3 .0 2 5 .4
23 1 3 0 .0 2 8 .4
24 1 3 5 .6 3 0 .7
25 1 4 0 .0 3 2 .2
26 1 4 5 .5 3 5 .1
27 1 5 1 .0 3 7 .5
28 1 6 1 .0 4 2 .3
29 1 7 1 .0 4 7 .9
30 1 7 8 .0 5 1 .7
31 1 8 8 .5 5 8 .3
32 1 9 5 .0 6 1 .6
33 2 0 3 .0 6 6 .3
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TABIE 5 .  -  1 .6 5 5  cm. CRUSHED ROCK
NUMBER FLOW IN U.S. GALLON PER MINUTE HEAD LOSS IN CENTIMETER
1 6 6 ,0  t  0 .2 5 9 .8  t  0 .5
2 6 8 .5 1 0 .0
3 7 4 .0 1212
4 7 7 .2 1 3 .4
5 7 9 .5 1 4 .4
6 8 2 .5 1 5 .3
7 8 4 .8 1 6 .0
8 8 8 .2 1 7 .5
9 9 5 .5 2 0 .5
10 9 9 .0 2 2 .0
11 1 0 0 .5 2 2 .2
12 1 0 5 .8 2 4 .3
13 1 1 1 .0 2 6 ,8
14 1 1 8 .0 2 9 .8
15 1 2 5 .8 3 3 .4
16 1 2 7 .6 3 4 .8
17 1 3 0 .0 3 5 .6
18 5 0 .5 6 .3
19 4 2 .0 4 .9
20 4 0 .0 4 .4
21 3 3 .0 2 .8
22 3 0 .0 2 .3
23 2 8 .8 2 .2
24 2 2 .5 1 .6
25 2 0 .0 1 .4
26 5 3 .0 7 .1
27 6 8 .4 1 0 .6
28 1 3 2 .2 3 7 .6
29 1 3 8 .0 4 0 .3
30 1 4 0 .8 4 2 .0
31 1 4 5 .5 4 4 .6
32 1 4 2 .6 4 3 .0
33 1 3 5 .0 3 8 .8
34 1 5 1 .2 4 8 .0
35 1 5 3 .2 4 9 .1
36 1 5 5 .5 5 0 .5
37 1 5 6 .7 5 1 .9
38 1 6 1 .5 5 4 .1
39 . 1 6 6 .0 5 7 .3
40 1 7 0 .0 6 0 .3
41 1 7 4 .5 6 3 .2
42 1 7 7 .5 6 5 .7
43 1 8 0 .7 6 7 .5
44 1 8 3 .0 6 9 .5
45 1 8 5 .0 7 1 .3
46 5 5 .0 7 .4
47 6 2 .0 8 .6
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TABLE 6 ,  -  1 .1 8 0  cm. CRUSHED ROCK
NUMBER PMW IN U. S . GALLON PER MINUTE HEAD LOSS IN CENTIMETER
1 5 7 .0  Î  0 .2 5 9 .4  ± 0 .5
2 5 9 .8 1 0 .5
3 6 3 .0 1 1 .5
4 6 6 .0 1 2 .8
5 6 8 .0 1 3 .5
6 7 4 .0 1 5 .7
7 7 7 .5 1 7 .3
8 8 1 .5 1 9 .3
9 8 6 .0 2 1 .3
10 8 9 .0 2 2 .7
11 9 1 .4 2 4 .0
12 9 4 .7 2 5 .7
13 9 8 .0 2 7 .6
14 1 0 2 .0 2 9 . 4
15 1 0 8 .0 3 2 .8
16 1 1 1 .5 3 4 .9
17 1 1 6 .2 3 7 .8
18 5 3 .0 8 . 4
19 5 0 .0 8 .0
20 4 8 .0 7 .3
21 4 5 .5 6 .5
22 4 3 .0 5 .9
23 4 1 .0 5 .3
24 3 5 .0 3 .8
25 3 0 .0 2 .9
26 2 5 .0 2 .1
27 2 0 .0 1 .2
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TABLE 7 . -  0 ,951  cm, CRUSHED ROCK
KUMSEE FLOW IH U. S. GALLOH PER MIHUTE HEAD LOSS IH CENTIMETER
1 8 6 . 0  t  0 . 2 5 3 4 .0  ± 0 . 5
2 8 1 .7 3 1 .2
3 7 8 . 6 2 9 .6
4 7 6 .0 2 7 .5
5 7 3 .0 2 6 .0
6 6 9 .5 2 3 .8
7 6 7 . 5 2 2 .3
8 6 5 . 0 2 0 .5
9 6 1 . 5 1 8 .8
10 5 7 .7 1 6 .7
11 5 5 .0 1 5 .0
12 5 2 .0 1 3 .9
13 4 8 .0 1 2 .0
14 4 5 ,0 1 0 .6
15 4 2 . 0 9 .1
16 3 5 .0 6 .2
17 3 0 .0 4 . 6
18 2 5 .0 2 .8
19 2 0 .0 1 .8
20 9 2 . 0 3 9 .0
21 9 7 .0 4 3 .7
22 1 0 0 .5 4 6 .9
25 1 0 4 .0 4 9 .7
24 1 0 7 .0 5 2 .3
25 1 1 2 .4 5 6 .2
26 1 1 7 .3 6 0 .1
27 1 1 9 .7 6 3 .2
28 1 2 2 .5 6 7 .2
29 1 2 0 .0 6 4 .0
30 1 1 6 .0 6 1 .0
31 1 1 4 .0 5 8 .9
32 1 1 0 .0 5 4 .0
33 1 0 5 .0 5 1 . 4
34 1 0 0 .5 4 7 .6
35 9 6 . 5 4 J .6
36 1 0 9 .0 5 3 .7
37 1 0 3 .5 4 9 .0
38 9 8 .0 4 4 .6
39 9 3 .5 4 1 .0
40 8 4 .0 3 3 .4
41 7 8 .0 2 9 .0
42 7 2 .0 2 5 . 4
43 6 3 .8 2 0 .0
44 7 0 .0 2 4 .0
45 6 6 .5 2 2 .0
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TABLE 8 .  -  3 .5 2 2  cm. CRUSHED ROCK
NUMBER VOLUME IN c.c. WEIGHT IN GRAM.
1 1 3 .8  1 0 .0 5 3 8 .4  1  0 .0 0 5
2 1 3 .0 3 6 .8
3 1 2 .1 3 4 .3
4 1 2 .7 3 5 .5
5 1 8 .8 5 2 .5
6 2 0 .0 5 6 .5
7 1 9 .2 5 3 .8
8 2 4 .6 6 7 .3
9 2 2 .5 6 3 .5
10 2 0 .7 5 9 .0
11 2 6 .2 7 0 .5
12 2 7 .1 8 0 .5
13 2 2 .1 6 5 .5
14 2 3 .2 6 6 .3
15 2 8 .3 8 2 .5
16 2 3 .5 6 7 .6
17 2 8 .4 8 2 .9
18 2 0 .7 5 7 .9
19 1 4 .8 4 1 .3
20 2 3 .5 6 7 . 4
21 2 9 .6 9 5 .5
22 2 2 .7 6 3 .1
23 2 1 .8 6 2 .7
24 2 6 .6 7 9 .1
25 1 9 .9 5 4 .6
26 2 2 .8 6 3 .5
27 2 0 .1 5 5 .8
28 2 1 .2 5 8 .9
29 1 9 .4 5 4 .0
30 2 0 .9 5 8 .1
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TABLE 9 .  -  2 .0 0 9  cm. CRUSHED ROCK
NUMBER VOLUME IN  c . c . WEIGHT IN GRAM.
1 4 .5 0  t  0 .0 5 13 .3 5  1  0 .0 0 5
2 5 .0 0 1 2 .4 0
3 4 .0 0 9 .4 5
4 5 .0 0 1 3 .7 0
5 5 .0 0 1 2 .2 2
6 3 .0 0 7 .7 0
7 4 .5 0 9 .9 6
8 4 .5 0 1 3 .6 0
9 2 .5 0 7 .6 0
10 5 .5 0 1 1 .2 5
11 4 .0 0 1 2 .6 5
12 4 .0 0 1 0 .1 7
13 4 .5 0 1 2 .6 0
14 5 .0 0 1 4 .9 5
15 4 .5 0 9 .7 2
16 3 .0 0 6 .8 0
17 3 .5 0 9 .3 0
18 3 .7 0 1 0 .0 5
19 5 .5 0 1 4 .6 0
20 4 .5 0 11 .7 5
21 4 .5 0 1 1 .5 5
22 3 .0 0 9 .9 0
23 4 .0 0 9 .8 0
24 4 .0 0 14 .1 6
25 5 .5 0 1 0 .9 5
26 6 .5 0 8 .1 5
27 3 .5 0 1 2 .0 0
28 4 .0 0 1 2 .7 0
29 5 .0 0 1 1 .2 0
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TABLE 1 0 . -  1.657  cm. CRUSHED ROCK
NUMBER VOLUME IK c.c. WEIGHT IH GRAM.
1 2 .0 0  ± 0 .0 5 6 .2 6  ± 0 .0 0 5
2 3 .5 0 6 .8 2
3 2 .0 0 6 .6 3
4 1 .1 0 6 .0 0
5 5 .5 0 8 .9 5
6 3 .5 0 1 1 .7 6
7 2 .0 0 4 .8 0
8 2 ,0 0 5 .2 4
9 1 .8 0 4 .8 0
10 2 .0 0 7 .2 2
11 1 .0 0 3 .7 5
12 2 .3 0 4 .6 5
13 4 .8 0 1 0 .3 5
1 4 4 .6 0 7 .0 0
15 3 .2 0 7 .0 0
16 2 .5 0 7 .1 5
17 2 .0 0 4 .8 5
18 1 .0 0 4 .2 3
19 2 .3 0 6 .4 0
20 3 .5 0 9 .8 2
21 3 .8 0 8 .6 0
22 2 .7 0 5 .5 5
23 2 .7 0 5 .9 3
24 2 .8 0 7 .20
25 1 .7 0 4 .2 7
26 2 .0 0 6 .6 0
27 1 .7 0 4 .2 1
28 2 .0 0 4 .3 9
29 2 .0 0 4 .4 9
30 3 .2 0 7 .6 5
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
46
TABLE 1 1 . -  1 .1 8 0  cm. CRUSHED ROCK
NUMBER VOLUME IN c.c. WEIGHT IN GRAM.
1 0 .5 0  t  0 .0 5 1 .9 5 1  0 .0 0 5
2 2 .0 0 3 .7 8
5 0 .5 0 2 .5 5
4 1 .0 0 2 .1 5
5 1 .5 0 4 .1 6
6 0 .5 0 2 .4 5
7 1 .5 0 1 .3 5
6 1 .1 0 1 .3 5
9 0 .7 0 2 .7 0
10 0 .5 0 2 .0 0
11 0 .5 0 1 .3 0
12 1 .0 0 3 .4 8
13 0 .5 0 1 .8 5
14 1 .6 0 2 .9 0
15 0 .5 0 1 .8 5
16 2 .0 0 4 .1 0
17 0 .5 0 2 .1 0
18 1 .0 0 2 .2 0
19 1 .2 0 3 .4 0
20 1 .2 0 1 .5 5
21 1 .2 0 2 .3 0
22 0 .5 0 2 .1 8
23 1 .0 0 1 .6 5
24 1 .1 0 2 .0 5
25 1 .2 0 2 .1 7
26 0 .4 0 1 .3 0
27 1 .0 0 2 .1 3
28 0 .5 0 1 .6 5
29 1 .0 0 3 .3 6
30 1 .2 0 2 .4 5
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TABIE 1 2 . -  0 .9 6 2  cm, CRUSHED ROCK
HUMBER VOLUME IN c.c. WEIGHT IN GRIM.
1 0 .8 0  + 0 .0 5 1 . 6 0 1 0 .0 0 5
2 0 .5 0 1 .5 0
3 0 .7 0 1 .9 3
4 0 .3 0 0 .9 4
5 0 .8 0 2 .0 5
6 0 .4 0 1 .1 0
7 0 .5 0 1 .0 7
8 0 .7 0 2 .3 0
9 0 .7 0 2 .2 0
10 0 .6 5 1 .9 5
11 0 .3 0 0 .9 5
12 0 .3 0 0 .5 5
13 0 .5 0 1 .4 5
1 4 0 .1 5 0 .5 4
15 0 .3 5 0 .8 5
16 0 .4 8 1 .2 0
17 0 .3 2 0 .8 0
18 0 .3 0 1 .0 0
19 0 .6 0 1 .6 0
20 0 .8 0 2 .0 5
21 0 .5 0 2 .1 0
22 0 .2 0 0 .4 3
23 0 .2 0 0 .7 5
24 0 .5 0 1 .7 2
25 0 .4 0 0 .8 5
26 0 .5 0 1 .1 5
27 0 .4 0 1 .3 5
28 0 .3 0 0 .8 0
29 0 .5 0 1 .2 5
30 0 .5 0 1 .4 5
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3 . 4 . 3 .  P o r o s i t y
The volum e o f  w a te r  r e q u i r e d  to  f i l l  t h e  v o id s  i n  th e  
d r a in a b le  p o r o s i t y  t e s t s  a r e  r e c o rd e d  i n  th e  fo l lo w in g  T a b le s  13 to
15 :
TABLE 1 3 . -  6 "  z  6" TEST BOX®’
SIZE OP BOOKS HUMBER VOLUME OP WATER REQUIRED TO FILL THE VOIDS









a  B u lk  Volume = 7020 c . c .
TABLE 1 4 . -  18" X  18" TEST BOX®
SIZE OP ROCKS NUMBER VOLUME OF WATER REQUIRED TO PILL THE VOIDS









B ulk  Volume = 26085 c . c .
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TABLE 1 5 . -  11" X 11" TEST BOX®
SIZE OF ROCKS HUMBER VOLUME OP WATER REQUIRED TO FILL THE VOIDS















B ulk  Volume « 23500 o .o .
3 .5 .  C a l c u l a t i o n s
3 . 5 .1 .  C o n s ta n ts  and  C o r r e l a t i o n  C o e f f i c i e n t s
The c o n s ta n t s  and th e  c o r r e l a t i o n  c o e f f i c i e n t s  f o r  b o th  
e q u a t io n  ( 3 . 1 . 2 . )  and  ( 3 . 1 . 3 . )  w ere  c a l c u l a t e d  on  c . g . s .  u n i t s .
The m a c ro sc o p ic  v e l o c i t y  (v )  was c a l c u l a t e d  from  th e  flo w  
r a t e  fo u n d  d iv id e d  by th e  c r o s s  s e c t i o n  o f  th e  tu b e  w h ich  i s  11"  x  11", 
S in c e  th e  flo w  r a t e  w as i n  U .S . g a l lo n  p e r  m in u te ,  th e n
V = 1-2 ? I 2  5 4 _ ,  0 , 0 8 0  9  Q ( 3 . 5 . 1 . 1 . )
6 0  II II
The p o t e n t i a l  d ro p  ( I ) p e r  u n i t  l e n g th  was fo u n d  a s
( 3 . 5 . 1 . 2 . )j =
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w here  Ç5 w as fo u n d  from  e x p e r im e n t and  L  i s  t h e  l e n g th  be tw een  th e  two
tu b e s  ( l )  and (2 )  shown i n  F ig u r e  4 .
The l i n e  o f  b e s t  f i t  f o r  b o th  e q u a t io n s  ( 3 . 1 . 2 . )  and ( 3 . 1 . 3 . )
w as fo u n d  by th e  m ethod o f  l e a s t  s q u a re s  r e g r e s s i o n  ( 17 ) .
The p r i n c i p l e  o f  l e a s t  s q u a re s  s t a t e s  t h a t  i f  Y i s  a  . l i n e a r
f u n c t i o n  o f  an  in d e p e n d e n t v a r i a b l e  X, th e  m ost p ro b a b le  p o s i t i o n  o f
a  b e s t  f i t  l i n e  i s  su ch  t h a t  th e  sum o f  s q u a re s  o f  d e v ia t io n s  o f  a l l
p o i n t s  from  th e  l i n e  i s  a  minimum; th e  d e v i a t i o n s  a r e  m easu red  i n  th e
d i r e c t i o n  o f  th e  Y a x i s .  The s o l u t i o n s  o f  b o th  t h e  e q u a t io n s  a r e
shown a s  f o l lo w s :
A. E q u a t io n  ( 3 . 1 . 2 . )  i s  w r i t t e n  below :
I = a V 4  b V*
y = -^  I X = V
th e n  th e  e q u a t io n  becom es
y = 0 + b ) (  ( 3 . 5 . 1 . 3 . )
By t r a n s f o r m in g  th e  a x i s  o f  c o o r d in a te s  to  a  new o r i g i n  (X ,Y ), 
new c o - o r d in a te s  (X ,Y) a r e  in t r o d u c e d ,  i . e .
X = X -  X ( 3 . 5 . 1 . 4 .  )
Y = y -  ÿ ( 3 . 5 . 1 . 5 . )
W here x. and  ÿ a r e  t h e  mean o f  X and y r e s p e c t i v e l y .
These g iv e
b = ( 3 . 5 . 1 . 6 . )
and
a = ÿ -  b x ( 3 . 5 . 1 . 7 . )
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The c o r r e l a t i o n  c o e f f i c i e n t  R , i s  fo u n d  a s
R .=  X X Y  ( 3 . 5 . 1 . 8 . )
The s o l u t i o n  o f  b and  R ,w ere o b ta in e d  on th e  IBM 1620 com p u te r 
and  th e  l i n e  o f  b e s t  f i t  w as p l o t t e d  on  th e  l i n e  p l o t t e r .  The program  
i s  shown i n  th e  a p p e n d ix  1.
B. E q u a tio n  ( 3 . 1 . 3 . )  i s  w r i t t e n  a s  fo  H o w s  :
= a + b V ^ +  c V
L e t y = X  . x, = V* and  % ,= V
th e n  e q u a t io n  ( 3 . 1 . 3 . ) i s  th e n  tr a n s fo rm e d  in t o
y  = 0 + b % , +  o x ,  ( 3 . 5 . 1 . 9 . )
I n  c h o o s in g  th e  c e n t r o i d  a s  th e  o r i g i n
Y = y -  ÿ ( 3 . 5 . 1 . 1 0 . )
X%= x . - x ,  ( 3 . 5 . 1 . 1 1 . )
X a ^ X j - x ,  ( 3 . 5 . 1 . 1 2 . )
w here  ÿ , x ,  ,  x,  a r e  th e  a r i t h m e t i c  mean o f  y , x ,  and x ,  r e s p e c t i v e l y .
Then
a = ÿ -  bx ,  - cXj ( 3 . 5 . 1. 13 . )
b - @,1% X,Y + ®ii Î  XjY ( 3 . 5. 1. 14 . )
c = e , , X x , Y  + e ,x % X ,Y  ( 3 . 5 . 1 . 1 5 . )
Where
e „  = — .  _  I  .............  ( 3 . 5 . 1 . 1 6 . )
r x f  £ X ’ -  GX . x,)=
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«22 T i f 2 x î ^ - ? È x , x . ) ‘  ( 3 . 5 . 1 . 1 7 . )
*■> ° *•' ° SX,’ Sx,* - t zx .x . l"  ( 3 . 5. 1. 16.)
And th e  m u l t ip l e  c o r r e l a t i o n  c o e f f i c i e n t  R i s  
R ,= g ç LSY* ( 3 .5 . 1 .1 9 . )
Where
C = b Z Y X .  + Z Y  X, ( 3 .5 . 1 .2 0 . )
The s o lu t i o n  f o r  a ,  b , c and R ,w ere  o b ta in e d  on th e  IBM l é 20 
com pu ter and th e  cu rv e  o f  b e s t  f i t  was p l o t t e d  by th e  p l o t t e r  a l s o ,  
th e  program  i s  shown i n  th e  ap p en d ix  1 .
3 . 5 .2 .  G eom etric  Mean and G eom etric  D e v ia t io n  ;
The r e l e v a n t  fo rm u la e  f o r  g e o m e tr ic  mean and g e o m e tr ic  d e v ia t io n  
a r e  shown a s  fo l lo w s ;
A. The d ia m e te r  o f  each  ro c k  can  be  found  i n  two w ays;
1 , By Volume;
d =  ^ 6  • V o lum e j t  ( 3 . 5 . 2 . 1 . )
2 . By W eigh t;
 ^ Weight  V  ( 3 . 5 . 2 . 2 . )
V YT D e n s i ty  /
D e n s ity  w as fo u n d  from  th e  t o t a l  m ass d iv id e d  by th e  t o t a l  
VOluma o f  a  sam ple o f  r o c k s .
B. G eo m etric  mean (1 8 )  i s  d e f in e d  a s  th e  a n t i lo g a r i th m  o f  th e
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sum o f  th e  lo g a r i th m s  o f  t h e  d ia m e te r s  o f  a l l  th e  ro c k s  i n  th e  sam ple 
d iv id e d  by th e  num ber o f  r o c k s  H.
l o g  c m -  LOG d , + LOG d i + ............+ LOG dm ( 3 . 5 . 2 . 3 . )
N
The g e o m e tr ic  d e v i a t i o n  i s  e x p re s s e d  a s  f o l lo w s ;  
LOG GD = 2  [^ (LOG djb -  LOG ( 3 . 5 . 2 . 4 . )
The GM and  GD w ere  fo u n d  on  th e  IBM 1620 co m p u te r and  th e  
program m e i s  a t t a c h e d  i n  t h e  ap p e n d ix  1 .
3 . 5 . 3 .  D ra in a b le  P o r o s i ty
The d r a in a b le  p o r o s i t y  i s  o b ta in e d  from  th e  fo l lo w in g  fo rm u la ,
— _ Volume o f  w a te r  ad ded  to  a  f r e s h l y  d r a in e d  sam ple
*• “ t o t a l  ( b u lk )  volum e ( 3 . 5 . 2 . 5 . )
A  p l o t  o f  a g a i n s t  E w as made to  show th e  w a l l  e f f e c t  upon 
p o r o s i t y ,
3 .6 ,  A n a ly s is  o f  R e s u l t s
The r e s u l t s  o f  th e  co m p u tio n s  f o r  th e  c o n s t a n t s  and  c o r r e l a t i o n  
c o e f f i c i e n t s  f o r  b o th  e q u a t io n s  ( 3 . 1 . 2 . )  and  ( 3 . 1 . 3 . )  a r e  shown i n  th e  
f o l lo w in g  T a b le  16.
TABLE 1 6 , -  THE VALUES FOR THE CONSTANTS a ,  b ,  c and  S
E q u a tio n 1" i " X "8 i "
a 0 .0 0 4 4 3 0 ,0 0 5 7 8 0 .0 1 0 3 5 0 ,0 0 6 7 1 0 .0 1 4 6 4
i = oV 4 b v ' b 0 .0 0 4 3 3 0 .0 0 7 6 4 0 .0 0 9 5 3 0 .0 1 3 1 7 0 .0 2 0 8 5
R . 0 .9 9 7 2 6 0 .9 9 9 3 7 0 ,9 9 9 2 2 0 .9 9 8 7 1 0 .9 9 6 0 6
a 0 .0 0 5 1 2 0 ,0 0 6 3 4 0 ,0 0 9 2 7 0 ,0 1 2 1 3 0 .0 0 6 0 6
Î ,  3
i =aV+bV*+CV
b -0 .0 0 6 2 1 0 .0 0 8 3 5 0 .0 0 1 2 5 -0 .0 1 2 1 2 0 .0 6 6 1 7
c 0 .0 1 4 2 1 0 .0 0 4 3 2 0 .0 1 2 1 3 - 0 .0 0 6 2 1 - 0 .0 5 9 4 1
R . 0 ,9 9 7 6 6 0 ,9 9 9 3 7 0 .9 9 9 5 9 0 .9 9 9 3 9 0 .9 9 9 6 9
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A co m p ariso n  o f  E ,sh o w a  t h a t  e q u a t io n  ( 3 . 1 . 3 . )  i s  o n ly  s l i g h t l y  
b e t t e r  th a n  e q u a t io n  ( 3 . 1 . 2 . ) .  T h e re fo re  i t  can  b e  assum ed t h a t  th e  
e q u a t io n  ( 3 . 1 . 2 . )  i s  a s  good a s  e q u a t io n  ( 3 . 1 . 3 . )  when a p p l ie d  to  
c ru s h e d  ro c k : : f o r  R ey n o ld s  num bers r a n g in g  from  100 to  4500.
The p l o t s  o f  e q u a t io n  ( 3 . 1 . 2 . )  f o r  e a c h  s i z e  o f  c ru s h e d  ro c k  
a r e  shown i n  P ig ,  6 to  P ig .  10 and  th e  p l o t  o f  a  and  b a g a i n s t  th e  s i z e  
o f  c ru s h e d  ro c k  i s  shown i n  P ig .  11 . From th e s e  p l o t s ,  i t  c an  b e  s e e n  
t h a t  th e  s lo p e  o f  th e  s t r a i g h t  l i n e  i s  d e c r e a s in g  w i th  i n c r e a s i n g  ro c k  
s i z e .  T h is  im p l ie s  t h a t  t h e  b ig g e r  th e  m a t e r i a l ,  t h e  b ig g e r  th e  f lo w  
p a t h .  T h e r e f o r e ,  u n d e r  th e  same h e a d , th e  m a c ro sc o p ic  v e l o c i t y  i s  
g r e a t e r  i n  a  c o a r s e  m a t e r i a l  th a n  i n  a  f i n e r  one and  so i s  th e  tu r b u ­
l e n t  te rm .
The g e o m e tr ic  mean GM, g e o m e tr ic  s ta n d a r d  d e v i a t i o n  GD f o r  th e  
v a r i o u s  ro c k  sam p le s  to g e th e r  w i th  th e  dynam ic v i s c o s i t y ^  , k in e m a tic  
v i s c o s i t y  y  , d r a in a b le  p o r o s i t y  E and d ry  p o r o s i t y  a r e  shown i n  th e  
fo l lo w in g  T a b le  17 . T hese  a r e  f a c t o r s  a p p l i c a b l e  t o  th e  f r i c t i o n  t e s t s  
d esc rib ed  i n  s e c t i o n  3 . 3 .1 .
Dry p o r o s i t y  i s  fo u n d  a s  th e  r a t i o  o f  th e  w a te r  i n  th e  v o id  
when th e  c ru s h e d  ro c k s  a r e  w et on th e  s u r f a c e  o n ly  to  th e  b u lk  volum e. 
T h e r e f o re ,  d ry  p o r o s i ty  i s  fo u n d  from  th e  volum e o f  w a te r  r e q u i r e d  to  
f i l l  t h e  v o id s  o f  th e  f i r s t  ru n  i n  any p o r o s i t y  t e s t  d iv id e d  by  th e  
b u lk  vo lum e.
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TABLE 1 7 . -  SOME ÜSBFÏÏL FACTORS IE  THE AEALYSIS PLOW THROUGH ROCKS
~ ^ g ]o ^ in a l S iz e  
F a c t o r s  — 1" i " i "
3 " 
T
GM by w e ig h t 3 .5 2 2 2 ,0 0 9 1 .6 5 7 1 .1 8 0 0 ,9 6 2
GM by volum e 3 .5 2 1 2 ,0 0 7 1 .6 5 2 1 ,1 8 1 0 . 9 3 9
GD by w e ig h t 1 .0 8 9 1 .0 7 0 1 .1 0 3 1 .1 1 7 1 .1 6 1
GD by volum e 1 .0 9 0 1 .0 7 3 1 .1 5 1 1 .1 7 5 1 .1 5 4
A '  10”* grom-sec^cm.* 0 .0 0 8 6 2 0 .0 0 8 7 9 0 ,0 0 8 6 2 0 ,0 0 8 7 3 0 .0 0 8 6 7
i /  ’ I 0   ^ c m ? /  sec . O.OO8 6 4 0 .0 0 8 9 0 0 ,0 0 8 6 4 0 ,0 0 8 7 6 0 .0 0 8 7 0
D ra in a b le  p o r o s i t y 0 .4 5 4 0 .4 3 9 0 ,4 4 4 0 ,4 4 1 0 ,4 3 6
D ry p o r o s i ty 0 .4 5 8 0 .4 6 0 0 .4 5 5 0 ,4 5 0 0 ,4 6 5
The f a c t o r s  d e sc r ib e d , i n  T a b le  17 . w ere  a p p l i e d  to  e q u a t io n  
( 3 . 1 . 7 . )  to  f i n d  th e  A and  B f o r  e a c h  s i z e  o f  ro c k .  The c a l c u l a t i o n  
p ro c e d u re  i s  th e  same a s  f o r  e q u a t io n  ( 3 . 1 . 2 , ) ,  F i r s t l y ,  a  t r i a l  was 
made b a s e d  on  th e  d r a in a b le  p o r o s i t y  w i th o u t  in c lu d in g  any a d d i t i o n a l  
c o r r e c t i o n  f a c t o r  f o r  p o r o s i t y  to  t h e  seco n d  te rm  b u t  th e  p l o t s  o f  
v a r io u s  s i z e s  o f  ro c k s  showed p o o r  ag ree m en t i n  t h e i r  s lp o e s .  T h ere ­
f o r e  a  s e r i e s  o f  t r i a l s  t h a t  in v o lv e d  m u l t i p l y in g  th e  te rm  a t  th e  
l e f t  hand  s id e  o r  th e  se c o n d  te rm  o f  t h e  r i g h t  h an d  s id e  by  v a r io u s  
p ow ers o f  th e  r e s p e c t i v e  d r a in a b le  p o r o s i t y  w ere  t r i e d  w i th  th e  a id  
o f  th e  IBM 1620  com pu ter and  i t s  on  l i n e  p l o t t e r .  F i n a l l y ,  i t  w as 
fo u n d  t h a t  a  f a c t o r  o f  t h e  seco n d  pow er o f  th e  d r a in a b le  p o r o s i t y  
a p p l i e d  to  th e  seco n d  te rm  o f  th e  r i g h t  hand  s id e  g av e  th e  b e s t  
r e s u l t  w i th  a  c o r r e l a t i o n  c o e f f i c i e n t  o f  0 .9 9 9 9 9  o r  a lm o s t 1 , The 
e q u a t io n  fo u n d  i s  shown a s  fo l lo w s  and  a l s o  on  F ig .  12 ,
i M g '  e I
v  • (I - e ; '
= 1 . 0 2 2  + 0 . 0 4 2  1 Ey' V Mg ( 3. 6 . 1.)
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Y = 1 0 2 2  + 0 - 0 4 2  I X
I n  th e  e q u a t io n  X and Y a r e  d im e n s io n !e a s .
S e c o n d ly , f o l lo w in g  th e  p ro c e d u re  m e n tio n ed  above , t r i a l s  w ere 
made b a se d  on th e  d ry  p o r o s i t y .  I t  t u r n s  o u t  t h a t  even  w ith o u t  a  c o r­
r e c t i o n  f a c t o r . i n v o l v i n g  p o r o s i t y ,  th e  s lo p e s  o f  th e  c u rv e s  a r e  a lm o s t 
p a r a l l e l  to  one a n o th e r  b u t  t h e r e  i s  a  s m a ll  d e v i a t io n  i n  th e  X o r  Y 
d i r e c t i o n  a s  shown i n  f i g u r e  13. The e q u a t io n  i s  shown a s  fo l lo w s  and 
a l s o  on f i g u r e  1 3 .
--------------------------E*________= 1.8185 + 0 . 0 0 8 7 5  E — V-M 9 ( 3 , 6 . 2 . )
- { I -  E) *  ] ( l  -  E ) ^
The c o r r e l a t i o n  c o e f f i c i e n t  i s  0 .9 9 9 9 9 .
P ig .  14 , shows t h a t  below  —  = 0 . 1 ,  th e  c u rv e  o f  a g a i n s t
D D
d r a in a b le  p o r o s i t y  becom es p e r p e n d ic u la r  to  th e  X a x i s  w h ich  m eans
th e  p o r o s i t y  h a s  a  c o n s ta n t  v a lu e  o f  0 .4 4  and th e r e  i s  no w a l l  e f f e c t .
I n  P ig ,  15, th e  _ ^ a g a i n s t  d ry  p o r o s i t y  p l o t ,  t h e  v a lu e  o f  d under 
D D
w h ich  th e r e  w i l l  be  no w a l l  e f f e c t  i s  0 . 1 3 . and th e  c o n s ta n t  v a lu e  f o r
d ry  p o r o s i t y  i s  0 .4 5 2 . The d e v i a t i o n  o f  th e  d r a in a b le  p o r o s i t y  from
th e  d ry  p o r o s i t y  i s  a ro u n d  2 .8  ‘fo. F o r tu n a te ly  a l l  th e  e x p e r im e n ts
e x c e p t  f o r  th e  1 " ru n  i n  th e  6 "x  6 " t e s t  box a re  w i th i n  th e  ra n g e  o f
no w a l l  e f f e c t#  T h e re fo re  no f u r t h e r  c o r r e c t io n s  f o r  th e  w a ll  e f f e c t
w ere  made.
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CHAPTER POUR 
TWO DIMENSIONAL PLOW
I n  t h i s  c h a p te r ,  th e  d im e n s io n a l a n a l y s i s  m ethod i s  a p p l ie d  
to  f i n d  an e q u a t io n  f o r  th e  r e l a t i o n s h i p  o f  u p s tre a m  and dow nstream  
w a te r  l e v e l s  and  th e  se e p a g e  h e i g h t .  The assum ed e x p o n e n t ia l  form  
o f  th e  d im e n s io n le s s  e q u a t io n  i s  th e n  s o lv e d  by th e  c o m b in a tio n  o f  
t h e  l e a s t  s q u a re s  m ethod and  re m a in d e r  th eo rem . T hen, th e  f i n i t e  
e le m e n t m ethod i s  d e s c r ib e d  f o r  th e  s o lu t i o n  o f  seep ag e  p ro b lem  
th ro u g h  a  r e c t a n g u la r  c ru s h e d  ro c k  s e c t i o n  and a  co m p ariso n  o f  th e  
n u m e ric a l  r e s u l t s  w ith  th e  e x p e r im e n ta l  r e s u l t s  i s  shown,
4«1« B ackground  and T heory
4 .1 .1 .  D im en sio n a l A n a ly s is
F o r  t u r b u l e n t  flow  th ro u g h  a  r e c t a n g u l a r  s e c t i o n ,  th e  
c o r r e l a t i o n  o f  th e  h e ig h t s  o f  u p s tre a m  w a te r  l e v e l  (H ), th e  h e ig h t  
o f  dow nstream  w a te r  l e v e l  (h )  and th e  h e ig h t  o f  th e  seep ag e  s u r f a c e  
w as d e r iv e d  i n  th e  fo l lo w in g  m anner.
Fig. 16 Factors Governing the Two Dimensional Flow
Prom f i g ,  ( 1 6 ) ,  i t  i s  o b v io u s  t h a t  th e  g o v e rn in g  f a c t o r s
a r e  v e l o c i t y  ( ? ) ,  th e  s i z e  o f  th e  ro c k s  ( d ) ,  h ,  h g , L, E, and k in e ­
m a t ic  v i s c o s i t y .  The g r a v i t a t i o n a l  f o r c e  i s  assum ed n e g l i g i b l e .  By
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t h e  th e o ry  and  m ethod o f  d im e n s io n a l a n a l y s i s ,  f i v e  d im e n s io n le s s  
p r o d u c ts  c a n  h e  w r i t t e n ,  i . e .  ( l )  R = ; (2 )  - (3 )  ;
(4 )  - g — )  and  (5 )  • T h e re fo re  i t  c an  be  e s t a b l i s h e d  t h a t
- W = K " - - r > | - - R - )  ( 4 . 1 . 1 . 1 . )
o r  i t  c o u ld  b e  assum ed «= c o n s ta n t  and  t h a t
L
_ ^ =  c  ( 4. 1. 1. 2. )
I t  c a n  b e  im ag in ed  t h a t  a s  .1 ,  - 2 ^  —  Q, so t h a t  e q u a t io n
( 4 . 1 . 1 . 2 . )  c a n  b e  w r i t t e n  a s  f o l lo w s ,
- ^ =  C ( I . R ) ' ( l - t f ( l  . i - ) '  ( 4 . 1 . 1 . 3 . )
L e t © = (3 1^ ; C i s  p u t  e q u a l  to  u n i t y  s in c e  1 a s
^  —-  0 ,  —» 0  and R — 'O . T h e re fo re
= ( 4 . I . I . 4 . )
E q u a t io n  ( 4 . 1 . 1 . 4 . )  i s  assum ed to  b e  th e  form  o f  th e  e q u a t io n
and , (3 , y  , % m ust be  o b ta in e d  from  e x p e r im e n ta l  d a ta .
4 . 1 .2 .  The V e r i f i c a t i o n  o f  th e  F i n i t e  E lem ent M ethod f o r  th e  
S o lu t i o n  o f  N o n - l in e a r  S eep ag e  P ro b le m •
The f i n i t e  e lem en t m ethod i s  a p p l ie d  to  th e  s o l u t i o n  
o f  th e  s te a d y ,  n o n - l i n e a r  f lo w  th ro u g h  a  r e c t a n g u l a r  c ru s h e d  ro c k  
s e c t i o n  w i th  a  f r e e  s u r f a c e .  T h is  m ethod h a s  b een  a p p l ie d  by 
Z ie n k ie w ie z  ( 2 1 ,2 2 ) ,  F in n  (2 3 ) and T a y lo r  ( 2 4 ) .  From th e  th e o ry  o f
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c o n t i n u i t y ,  an  e q u a t io n  f o r  t h i s  k in d  o f  flo w  and  i s o t r o p i c  m e d ia  can  
b e  shown a s  f o l lo w s :
 ^ - q ( X , Y )  = 0  ( 4 . 1 . 2 . 1 . )
The d e r i v a t i o n  o f  e q u a t io n  ( 4 . 1 . 2 . 1 . )  i s  shown i n  th e  ap p e n d ix  
(H ) , I n  e q u a t io n  ( 4 . 1 .  2 . 1 . ) ,  th e  te rm  q( X,Y ) i n d i c a t e s  a  c e r t a i n  
b o u n d ary  c o n d i t io n  w h ich  i s  th e  r a t e  o f  se e p a g e  from  th e  se e p a g e  f a c e .
The f i n i t e  e le m e n t m ethod assum es t h a t  th e  s o l u t i o n  o f  e q u a t io n  
( 4 . 1 . 2 , 1 . )  s u b j e c t  to  s p e c i f i e d  b o u n d a ry  c o n d i t io n s  i s  e q u i v a le n t  
m a th e m a t ic a l ly  to  f i n d  a  f u n c t i o n ,  0  , w h ich  m in im iz e s  th e  fo l lo w in g  
i n t e g r a l  ta k e n  o v e r  th e  w ho le  r e g io n  o f  s o lu t i o n ,
( | 4 )  *  ^X d Y + J ^ q ^ d s  ( 4 . I . 2 . 2 . )
The d e r i v a t i o n  o f  e q u a t io n  ( 4 . 1 . 2 .  2 .)  i s  shown i n  th e  ap p e n d ix  
( i t ) .  I n  e q u a t io n  ( 4 . 1 . 2 . 2 . )  ^  i s  th e  p ie z o m e t r ic  h e a d  and  K i s  th e  
h y d r a u l i c  c o n d u c t iv i t y  w h ich  i n  th e  c a s e  o f  n o n - l i n e a r  f lo w  i s  a  
f u n c t i o n  o f  th e  m a c ro sc o p ic  v e l o c i t y  and i s  d e r iv e d  from  th e  L in d q u is t  
la w , i . e .
0% 'b -V - ( 4 . X . 2 . 3 . )
To s o lv e  e q u a t io n  ( 4 . 1 . 2 . 2 . )  by th e  f i n i t e  e le m e n t c o n c e p t ,  th e  
c o n t in u o u s  d i s t r i b u t i o n  o f  p r e s s u r e  h e a d  i n  th e  c ru s h e d  ro c k  s e c t i o n  
o f  f lo w  i s  r e p r e s e n te d  by th e  v a lu e s  o f  th e  p ie z o m e t r ic  h e a d  ^  a t  a  
f i n i t e  num ber o f  p o i n t s  o r  n o d e s . The r e g io n  i s  d iv id e d  i n t o  a  n e tw o rk  
o f  t r i a n g l e s  c a l l e d  f i n i t e  e le m e n ts  and  th e  p ie z o m e t r ic  h e a d  i n  each  
e le m e n t i s  s p e c i f i e d  i n  te rm s  o f  th e  v a lu e s  o f  th e  p ie z o m e t r ic  h ead
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a t  th e  n o d e s . T hus, th e  seep ag e  p ro b lem  i s  c o n s id e re d  s o lv e d  when 
th e  p ie z o m e t r ic  h e a d  a t  th e  n o d e s  a r e  known.
The b o u n d ary  c o n d i t io n s  t h a t  p la y  an  im p o r ta n t  r o l e  i n  






C ^ = consT. ^ D
F ig u r e  17 . B oundary C o n d it io n  f o r  th e  P rob lem
S in c e  th e  h e a d  H and h  a r e  k e p t  c o n s ta n t  i n  a  s p e c i f i c  m n ,  
t h e  p r e s s u r e  a t  th e  b o u n d a r ie s  o f  t h e  u p s tre a m  and dow nstream  w a te r -  
b a s in s  obeys t h e  h y d r o s t a t i c  law . I n  a  m a th e m a tic a l  fo rm , i f  th e  a i r  
p r e s s u r e  on  th e  u p p e r  f a c e  o f  th e  w a te r - b a s in  i s  n e g le c te d ,  t h i s  can  
be w r i t t e n  as
T h a t i s ,  th e  b o u n d a r ie s  a lo n g  AB and UP a r e  e q u i p o t e n t i a l  l i n e s .
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CD i s  assum ed to  be im p e rv io u s . T h e re fo re  no f l u x  can  p a s s  
th ro u g h  i t  and th e  i n t e g r a l
J  { Vx d Y -  Vy d X )
ta k e n  a lo n g  any p a r t  o f  su ch  a  b o u n d ary  i s  e q u a l to  ze ro  o r
4  -  c on s t a n t
and
i n  w hich  f i  ± a  & p o t e n t i a l  f u n c t io n ,  and  4  i s  a  s tre a m  f u n c t io n ,
bn i s  th e  n o rm al d e r i v a t i v e  and bS i s  th e  ta n g e n t  d e r iv a t iv e .
On th e  seep ag e  a r e a s  i . e .  th e  s u r f a c e  EG o f  th e  embankment 
th ro u g h  w hich  w a te r  i s  s t e a d i l y  l e a k in g  and f a l l i n g  in t o  th e  t a i l -  
w a te r ,  th e  p r e s s u r e  i s  assum ed to  b e  c o n s ta n t  and  e q u a l  to  atm os­
p h e r i c  p r e s s u r e ,  i . e .
0  r Y
BC and IE  a r e  th e  u p s tre a m  and dow nstream  f a c e  o f  th e  c ru s h e d  
ro c k  s e c t io n  r e s p e c t i v e l y .  They a re  l i n e s  o f  c o n s ta n t  p o t e n t i a l  
0 = c o n s t a n t
o r
The p r e s s u r e  on  th e  f r e e  s u r f a c e  BG i s  c o n s t a n t ,  i . e .
0  = Y
S in c e  a  s te a d y  m o tio n  i s  c o n s id e re d ,  t h e  f l u x  a c r o s s  a  f r e e  s u r f a c e  
w i l l  be e q u a l to  ze ro  a l s o ,  and on th e  f r e e  s u r f a c e  we s h a l l  have 
4 = c ons t  ont
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o r
The r e l e v a n t  t h e o r e t i c a l  d ev e lo p m en ts  a r e  r e f e r r e d  i n  th e  
u n p u b lis h e d  p a p e r  "E on-D arcy  Flow S o lv e d  by F i n i t e  E lem en t A n a ly s is "  
a t t a c h e d  i n  th e  a p p e n d ix  ( 2 ) ,  The a p p l i c a t i o n  o f  th e  f i n i t e  e le m e n t 
m ethod  to  th e  s o l u t i o n  o f  n o n - l i n e a r  f lo w  p ro b le m s  fo rm s p a r t  o f  
p r o f e s s o r  M cC orquodale*s P h .D . d i s s e r t a t i o n  ( 2 0 ) .  The f u n c t i o n a l  
a q u a t io n  i s  e x p r e s s e d  a s  f o l lo w s :
4 .2 .  E x p e r im e n ta l  E q u ip m en ts
4 . 2 .1 ,  F a c i l i t i e s
The f a c i l i t i e s  u s e d  i n  th e  e x p e r im e n t a r e  l i s t e d  a s  fo l lo w s :
A, The v e n t u r i  m e te r  f o r  f lo w  m easurem en t w as th e  same a s  
d e s c r ib e d  i n  s e c t i o n  5 , 2 , .
B. The pump w as a l s o  th e  same a s  d e s c r ib e d  i n  s e c t i o n  3 . 2 . .
G. A p ie z o m e te r  r a c k  w ith  l / l O  in c h  d i v i s i o n s  was u s e d  f o r
m e a su r in g  p r e s s u r e s  i n  th e  two d im e n s io n a l s e c t i o n .  The b o a rd  c o n s i s t e d  
o f  22 v e r t i c a l  g l a s s  tu b e s  o f  3 mm. d ia m e te r  t h a t  w ere  u s e d  f o r  mea^
s u r in g  th e  p r e s s u r e s  a t  t h e  n o d es  a t  th e  o u t e r  f a c e  o f  th e  ro c k  se c ­
t i o n  a s  shown i n  f i g u r e ( 1 8 ) .
D. Two v e r t i c a l  s c r e e n s  w i th  one q u a r t e r  in c h  o p e n in g s  u se d  
to  h o ld  th e  ro c k s  i n  p l a c e ,  se e  f i g .  ( 1 8 ) .  The s c re e n sw e re  s l i d  down
to  th e  b o tto m  o f  th e  flu m e  a lo n g  two p r e - c u t  g lo v e s .
E . The t a i l w a t e r  g a t e  u se d  to  c o n t r o l  b ack  p r e s s u r e  on th e  
sam p le  was th e  same d e s c r ib e d  i n  s e c t i o n  3 .2 .  and  shown i n  f i g .  ( 1 8 ) .
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F i g .  18 B View of Two Di me ns i ono l  T e s t  S e c t i o n
Fig. IS C  View of Test Equipments
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F . The flum e f o r  th e  t e s t  w as th e  same a s  d e s c r ib e d  i n  
s e c t i o n  ( 3 . 2 . )  w ith  a  f l e x i g l a s s  window o f  4 f t .  h ig h  x  6 f t .  lo n g .
On th e  f l e x i g l a s s  , sev en  co lum ns and  s i x  row s o f  p ie z o m e te r  tu b e s  
p la c e d o n  a  6 in c h e s  g r i d  w ere p ro v id e d  to  c o n n e c t w i th  th e  m anom eters 
f o r  th e  m easurem ent o f  p ie z o m e tr ic  h e a d s  a c r o s s  th e  s e c t i o n  a s  shown 
i n  F ig u re  18 .
G. The p o ro u s  medium w as fo rm ed  by 1 .6 5 5  cm. c ru s h e d  ro c k  
and  i t  h a s  a  d im en sio n  o f  f o u r  f e e t  lo n g ,  1 f o o t  w ide  and t h r e e  and 
h a l f  f e e t  h ig h .
4 . 2 . 2 .  L ayou t o f  E quipm ent
The f a c i l i t i e s  d e s c r ib e d  i n  s e c t i o n  ( 4 . 2 . 1 . )  a r e  shown i n  
F ig u re  1 8 A, B & G.
4 . 3 . P ro c e d u re
4 . 3 . 1 . M easurem en ts o f  th e  R e q u ire d  U pstream  and D ownstream  W a te r -
l e v e l s  and th e  S eepage  H e ig h t
The s t e p s  o f  m easu rem en ts  f o r  th e  r e l e v a n t  h e i g h t s  a r e  
d e s c r ib e d  a s  fo l lo w s :
A. The ro c k s  w ere p la c e d  i n t o  th e  flum e w i th  s l i g h t  com pact­
io n  a s  shown i n  F ig u re  18 .
B. The v e n tu r im e te r  was z e ro e d .
G. The pump was s t a r t e d  to  d e l i v e r  w a te r  to  th e  m odel.
D. When th e  w a te r  l e v e l s  w ere  s te a d y ,  th e  f lo w  r a t e  was 
r e c o rd e d  from  th e  v e n tu r im e te r  and th e  h e i g h t s  o f  th e  u p s tre a m  and 
dow nstream  w a te r  l e v e l  t o g e th e r  w i th  t h e  seep ag e  h e ig h t  w ere m easu red  
by a  c e n t im e te r  s c a l e ,
E , E x p e rim e n ts  w ere  r e p e a te d  f o r  d i f f e r e n t  flo w  r a t e s
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r a n g in g  from  10 to  250 U. S .  g a l lo n s  p e r  m in u te ,
4 , 3 ,2 ,  M easu rem en ts  o f  P ie z o m e tr ic  H eads and  th e  P o s i t i o n  o f  th e  
F re e  W a te r  S u r f a c e
The f o l lo w in g  p ro c e d u re  was u s e d  to  o b t a i n  th e  p ie z o m e tr ic  
h e a d s  and  f r e e  s u r f a c e  p r o f i l e  f o r  th e  tw o -d im e n s io n a l m odel,
A, The same ro c k  s e c t i o n  d e s c r ib e d  i n  s e c t i o n  ( 4 * 2 .1 , )  was
u s e d ,
B, The same p ro c e d u re s  d e s c r ib e d  i n  ( a) t o  ( D ) o f  s e c t i o n  
( 4 . 3 .1 » )  w ere  fo l lo w e d ,
0 .  The c o - o r d in a t e s  o f  s e v e r a l  p o i n t s  on th e  f r e e  w a te r  
s u r f a c e  w ere  m e asu re d  to  f i x  th e  f r e e  s u r f a c e  p r o f i l e ,
D, B e fo re  th e  h e a d  a t  e ac h  p ie z o m e t r ic  l o c a t i o n  ( s e e  F ig u re  
18) w as r e a d  from  th e  p ie z o m e te r s ,  th e  r u b b e r  tu b e s  w ere  d r a in e d  
to  e n s u re  t h e r e  w as no a i r  b u b b le s  i n s i d e  and th e n  c o n n e c te d  t i g h t l y  
to  th e  p ie z o m e te r s  g ro u p e d  on  a  b o a rd  a t t a c h e d  a t  th e  l e f t  h an d  s id e  
o f  th e  flu m e a s  shown i n  F ig u r e  18 , The p ie z o m e t r ic  h e a d s  w ere  
r e c o r d e d ,
E« The e x p e r im e n t w as r e p e a te d  f o r  d i f f e r e n t  f lo w  r a t e s .
4 .4 .  R e s u l t s  o f  E x p e r im e n ts
The h e i g h t s  and p ie z o m e t r ic  h e a d s  m e asu re d  a r e  t a b u l a t e d  
i n  th e  f o l lo w in g  T a b le  18 and  T a b le  19 and  F ig u re  19 ,
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TABLE 1 8 .  THE MEASÏÏSBD WATER LEVELS MD PIEZOMETIC HEAD
HUMBER








1 180.8  t o . 25 9 0 . 3 + 0 .5 55 .7  + 0 .5 2 .0  t  0 .5
2 180.8 9 2 . 2 60 .6 1 .0
3 180.8 8 1 .8 20 .8 18 .0
4 192 .7 8 4 .7 21.0 19 .5
5 192.7 8 6 .0 5 1 .4 11 .6
6 192.7 8 8 .8 4 4 .4 5 .1
7 192.7 90 .0 4 7 .5 4 .7
8 192 .7 9 2 .1 54 .1 2 . 9
9 192.7 9 4 .1 59 .2 2 .0
10 157.0 7 8 .0 58 .5 4 .5
11 157.0 75 .5 25.6 1 0 .5
12 157.0 74 .6 17 .8 16 .1
13 159.5 70 .3 26 .5 7 .5
14 139.5 7 4 .2 41 .8 2 .0
15 159.5 7 2 .5 5 5 .8 5 .8
16 159.5 71.7 55 .0 5 .1
17 104.0 57.9 15.0 8 .4
18 104.0 58.8 12 .8 15 .8
19 104.0 6 0 .6 2 8 .4 2 .5
20 9 5 .0 56.0 2 8 .1 1 .4
21 9 5 .0 5 5 .5 2 3 .2 2 . 9
22 9 5 .0 5 4 .5 1 8 .8 5 .7
23 9 5 .0 53.9 1 2 .1 7 .9
24 75 .5 4 9 .1 2 4 . 9 1 .6
25 75 .5 4 8 .4 22 .5 2 .1
26 7 5 .5 4 7 .7 1 9 . 5 2 .7
27 7 5 .5 4 6 . 7 11 .5 6 ,0
28 63 .0 4 2 .1 8 .7 5 .8
29 63 .0 44 .0 20 .9 1 .6
30 6 3 .0 45 .6 2 6 .3 1 .2
51 54.0 3 9 . 9 19.0 1 .8
32 54.0 4 0 .8 2 2 .7 1 .5
53 54.0 4 1 .4 23 .6 1 .2
54 120.0 63 .8 1 8 .5 7 .5
55 120.0 6 3 .5 1 5 . 3 9 .3
56 120.0 6 8 .2 5 9 .4 2 .2
37 120.0 71 .7 47 .8 0 .9
58 131.0 6 7 .4 20 .6 7 .7
59 131.0 68 .8 28 .0 6 .5
40 147.8 72 .0 23 .5 10.0
41 147.8 71.6 1 3 .3 16 .1
42 147.8 72.0 1 9 . 7 12 ,8
45 168.0 8 5 .7 52 .7 2 .3
44 168.0 8 4 .5 4 8 .7 2 .4
45 168.0 8 3 .0 44 .9 2 .9
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TABLE 1 9 ,  THE MEASURED WATER LEVELS AND PIEZOMETIC HEAD
NUMBER








1 112.0  t o . 23 60 .6  t  0 .5 1 1 .7  t  0 .5 10.0  t  0 .5
2 120.0 63 .0 11 .8 11 .9
3 120.0 6 4 .1 23.0 5 .3
4 106.0 60 .3 2 8 .3 2 .8
5 180.8 8 2 .8 30 .0 11.5
6 180.8 8 4 .3 37 .1 6 .9
7 180.8 8 5 .7 43 .1 5 .9
8 180.8 8 8 .1 50 .3 4 .6
9 131.0 72 .4 4 2 .4 1 .9
10 139.5 6 9 .3 17 .5 1 2 .5
11 126.8 6 7 .7 3 1 .0 4 .6
12 126.8 6 5 .2 1 3 .4 1 2 .2
13 91.0 5 3 .2 1 2 .0 7 .6
14 91 .0 5 6 .3 29 .0 2 .2
15 63.0 4 2 .1 1 1 .1 4 .5
16 104.5 6 4 .1 41 .3 1 .1
17 104.6 6 2 .2 35 .7 2 .0
18 147.8 74 .8 34 .9 5 .7
19 147.8 7 6 .3 4 0 .4 3 .3
20 148.5 81 .0 52 .1 1 .7
21 168.0 8 0 .3 3 4 .7 7 .2
22 168.0 7 8 .9 27.0 11.9
23 168.0 79.7 3 2 .4 8 .7
24 173.8 8 1 .0 29.6 1 1 .1
25 173.8 8 0 .5 27.6 1 1 .6
26 173.8 8 1 .8 35 .0 7 .5
27 173.8 8 3 .3 41 .3 4 .7
28 173.8 8 3 .8 4 3 .2 2 .9
29 173.8 79 .8 21 .0 17 .8
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4 * 5 . C a lc u la t io n s
4«5«1 . S o lu t i o n  o f  th e  E m p ir ic a l  S eep ag e  H e ig h t E q u a t io n
T a k in g  th e  lo g a r i th m  o f  e q u a t io n  ( 4 . 1 . 1 , 4 , ) ,  i t  g iv e s
LOG- !{ f - =«LOG( l  + R ) + ^ ( l + - ^ ) \ o G ( l - ^ j + y  LOq ( |  4 - ^  , ( 4 . 5 . 1 . 1 . )
L e t  X,=LOG(l  + R ) ;  X2 = L 0 G [ | - _ ^ )  j X,  = LOG(l+JLj; y  = LOGpji)
th e n
Y = o ^ x ,+ ( 5 e ^ ’ ^X2 + y x ,  ( 4 . 5 . I . 2 . )
E q u a t io n  (4.5.I.2) i s  s o lv e d  by th e  th e o r y  o f  l e a s t  s q u a re s  and th e  
r e m a in d e r  th e o re m . The s t e p s  a r e  a s  f o l lo w s ;
Y - (c ^ x ,< -{ ie * ’^x»  4}*X j)]^ ( 4 . 5 . 1 . 5 . )
th e n
Y -(* X , + ()e '^ :^ X ;4 y X ,)]  X. = 0  ( 4 .5 .1 .4 . )
2  ^  [  Y - ( 0 l X , 4  + 7 X5) ]  X ,  = 0  ( 4 .5 .1 .5 . )
= Y -(0 ix ,+ (3e*^^X2  + y X , ) ] e * ’^ X 2 = 0  ( 4 . 5 . I . 6 . )
- ^ ^ ( = '  = - 2  [ Y -  (olX,  + (3 e* '^X%* y x , ^ ( 7 e ^ ' ^ X g X ;  = 0  ( 4 .5 .1 .7 . )
i
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From  e q u a t io n s  ( 4 . 5 . 1 . 4 . )  to  ( 4 , 5 . 1 . 7 . )  we o b ta in
H y x ,  =cfc51x ;  ♦ + r X ^ , X 5
( 4 . 5 . 1 . 8 , )
I y x ,  = « I 1x , x ,  ♦ f£e*’* x ,x ,  « r ^ x j  ( 4. 5. 1 . 9 . )
% Y e '» 'x .  = A [ e ' « * X , x , ,  p B e ^ ^ x y ^ y ^ e - ' ^ x . x ,  ( 4 . 5 . 1 . 1 0 . )  
p £ Y e ‘ »fx .X 5  = « < p î e ' ^ i x , x , x , 4  /5’j ; e ” ‘> ' x |x , + y ^ j ; e * ‘^ .  ( 4 . 5 . 1 . 1 1 . :
The f o u r  unknow ns c a n n o t be  fo u n d  d i r e c t l y  by d e te rm in a n t 
m ethod from  t h e  f o u r  e q u a t io n s  b e c a u se  o f  th e  n o n - l i n e a r i t y  i n  % ,
I t  i s  p o s s i b l e  to  assum e a r b i t r a r y  v a lu e s  o f  % i n  e q u a t io n s  ( 5 , 5 . 1 , 8 . )  
to  ( 5 . 5 . 1 . 1 0 , ) a n d  s o lv e  d i r e c t l y  f o r #  , ^  and Y  , T hese v a lu e s  
a r e  th e n  s u b s t i t u t e d  i n t o  e q u a t io n  ( 3 .5 . 1 ,1 1 . )  to  f i n d  a  re m a in d e r , 
w h ich  i s
r e m a in d e r  = ^ lY e ’^ ’^CjXj - «  PEe’^ *^X,X,X, 4 X^Ze^'^X]
When th e  re m a in d e r  e q u a ls  z e ro ,  th e  r e s p e c t i v e  v a lu e s  o f  
* |3 , y  and  Ç a re  th e  v a lu e s  d e s i r e d .  T h is  a p p ro ac h  was c a r r i e d  
o u t  on  th e  IBM 360 c o m p u te r . The program  i s  shown i n  th e  ap p en d ix  ( I ) ,
4 . 5 . 2 , D e te rm in a t io n  o f  th e  P ie z o m e tr ic  H eads and S eepage H e ig h t 
by  t h e  F i n i t e  E lem en t M ethod
The n u m e r ic a l  s o l u t i o n  o f  th e  p ie z o m e tr ic  h e a d s  f o r  th e  
n o d e s  i s  r e f e r r e d  to  th e  u n p u b lis h e d  p a p e r  "N on-D arcy Plow S o lv ed  
by F i n i t e  E le m e n t A n a ly s is "  i n  th e  ap p e n d ix  ( I I I ) ,
i
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The assum ed p o s i t i o n  f o r  th e  f r e e  s u r f a c e  a t  t h e  f i r s t  i t e r a t i o n  
i s  shown i n  F ig u r e  20 ,
The i n i t i a l  a p p ro x im a te  ^  v a lu e s  f o r  a l l  t h e  n o d es  w ere d e t e r ­
m in ed  by d raw in g  a  f lo w  n e t  shown a s  F ig u r e  21, w i th  th e  u p s tre a m  and 
dow nstream  w a te r  l e v e l s  fo u n d  from  th e  e x p e r im e n t .  The p ie z o m e tr ic  
h e a d  v a lu e s  w ere  th e n  i n t e r p o l a t e d  from  th e  f lo w  n e t .
The e x a c t  r e s u l t s  w ere  o b ta in e d  by s u b s t i t u t i n g  th e  v a lu e  o f  th e  
h e i g h t  o f  th e  e x i t  p o in t  fo u n d  by th e  m ethod d e s c r ib e d  l a t e r .
The e x t r a p o la t e d  L iebm ann m ethod , th e  g e n e r a l  f lo w  c h a r t  and  th e  
co m p u ter p ro g ram s a r e  shown i n  th e  a p p e n d ix  (4 )  and  ap p e n d ix  ( 5 ) ,
The f lo w  r a t e  can  be c a l c u l a t e d  a c c u r a t e l y  u s in g  th e  m id d le  o f  
e a c h  e le m e n t a t  s e c t i o n  A-A and B-B i n  F ig u r e  20 . The v e l o c i t i e s  
f o r  each  o f  t h e  e le m e n ts  a t  e i t h e r  s e c t i o n  A-A and B-B a r e  added  
t o g e t h e r  and  a  mean v e l o c i t y  i s  c a l c u l a t e d .  Then th e  flo w  r a t e  
e q u a ls  th e  mean v e l o c i t y  m u l t i p l i e d  by th e  w id th  o f  th e  flu m e and 
th e  h e ig h t  o f  th e  f r e e  s u r f a c e  a t  s e c t i o n  A-A i , e ,  a a  o r  B-B i , e ,  bb 
i f  th e  mean v e l o c i t y  i s  c a l c u l a t e d  a t  s e c t i o n  B-B,
The h e i g h t  o f  th e  e x i t  p o in t  c a n n o t b e  o b ta in e d  by a  s i n g l e  
a s su m p tio n . K eep ing  a l l  th e  f  v a lu e s  o f  th e  n o d e s  th e  sam e, th e  
p ro g ram  was ru n  w ith  a  new assum ed h e ig h t  o f  th e  e x i t  p o in t  s u b s t i ­
t u t e d  and a  new s e t  o f  v a lu e s  f o r  th e  v e l o c i t i e s  f o r  eac h  e le m e n t 
w as o b ta in e d .  I f  t h e  s u b s t i t u t e d  h e ig h t  o f  th e  e x i t  p o in t  i s  th e  
r i g h t  o n e , t h e  flo w  c a l c u l a t e d  a t  s e c t i o n  A-A and  s e c t i o n  B-B i n  
F ig u r e  20 w ou ld  be  th e  same o r  t h e i r  d i f f e r e n c e  w o u ld  b e  z e ro .
S e v e r a l  v a lu e s  f o r  th e  h e i g h t  o f  e x i t  p o in t  a r e  assum ed and f o r  each  
o ne  th e  d i f f e r e n c e  b e tw een  th e  flo w  r a t e  a t  s e c t i o n  A-A and B-B i s
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c a l c u l a t e d  and th e n  p l o t t e d  v e r s u s  th e  h e ig h t  o f  e x i t  p o in t .  The 
p o i n t s  a r e  c o n n e c te d  and  th e  i n t e r c e p t  on th e  h e ig h t  o f  e x i t  p o in t  
a x i s  g iv e s  t h e  c o r r e c t  v a lu e  f o r  th e  seep ag e  h e ig h t .
4 . 6 .  A n a ly s is  o f  R e s u l t s
4 . 6 ,1 ,  The P ro p o se d  E m p ir ic a l  E q u a t io n  f o r  th e  S eep ag e  H e ig h t
The v a lu e s  o f  61 » ^  , y  and  3^  i n  e q u a t io n  ( 4 . 1 . 1 . 4 . )  w ere 
fo u n d  on th e  3 6 0 /4 0  IBM co m pu ter. E q u a t io n  ( 4 . 1 . 1 . 4 )  can  th e n  be 
w r i t t e n  as
( 4 . 6 . 1 a .
T h is  e q u a t io n  i s  v a l i d  f o r  0 ,0 1 4  a n d n e g l i g i b l e ,
!• 2  g  H
I t  i s  v a lu a b le  to  p l o t  g ra p h s  b a se d  on t h i s  p ro p o se d
T  •
e q u a t io n  by  a s s ig n in g  a  v a lu e  to  R and  v a lu e s  f o r  r a n g in g  fromÜ
1 to  4  to  s e e  th e  v a r i a t i o n  o f  th e  seep ag e  h e ig h t  w i th  r e s p e c t  to  th e  
t a i l w a t e r  l e v e l .  F ig u re  22 w as p l o t t e d  w ith  R = 8 00 , I f  i s  
known, th e  seep ag e  h e i g h t  c a n  be o b ta in e d  from  th e  g ra p h . F ig u re  23 
shows th e  v a r i a t i o n  o f  s e e p a g e  h e ig h t s  w ith  r e s p e c t  t o  R eyno lds 
num ber.
The h e ig h t  o f  t h e  e x i t  p o in t  fo u n d  n u m e r ic a l ly  from  s e c t io n  
( 4 . 5 . 2. )  can  be  com pared w ith  a  p l o t  o f  e q u a t io n  ( 4 . 6 , 1 , 1 , )  by 
c h o o s in g  R and e q u a l  to  th e  e x a c t  v a lu e s  u s e d  i n  th e  com puter.
The seep ag e  h e ig h t  so fo u n d  by e q u a t io n  ( 4 . 6 , 1 , 1 . )  i s  a  l i t t l e  lo w er 
th a n  th e  one fo u n d  by th e  n u m e ric a l m ethod .
A ll  p l o t s  show a  m ix up o f  i n t e r c e p t i o n s  a t  th e  lo w e r  p a r t  
o f  th e  c u rv e . T h is  m ig h t due to  th e  la c k  o f  d a t a  f o r  th e  d e r iv a t io n
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Fig. 2 4  Comparison o f  the Laminar and Turbu len t  Values  
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o f  th e  e q u a t io n .  H ence F ig u r e  22 w i th  th e  e x p e r im e n ta l  d a ta  p l o t t e d  
show s th e  ra n g e  o f  a p p l i c a b i l i t y  o f  t h e  e q u a t io n .
I t  i s  a l s o  w o rth w h ile  to  com pare th e  t u r b u l e n t  c a s e  w ith  
t h e  t h e o r e t i c a l  la m in a r  s o l u t i o n  c a s e  a s  g iv e n  by ( 2 9 ) .  F ig u r e  24 
com pares t h e  two c a s e s .  One can  e a s i l y  see  t h a t  t h e  v a lu e  f o r  t h e  
t u r b u l e n t  c a s e  i s  a lm o s t d o u b le  th e  o n e  f o r  la m in a r  c a s e ,
4 .6 «2 , The S eep ag e  H e ig h t from  th e  F i n i t e  E lem en t S o lu t io n
F o r  e ac h  assum ed i n i t i a l  s e e p a g e  h e i g h t ,  a  ru n  o f  th e  
program m e w i l l  g iv e  a  new s e t  o f  v e l o c i t i e s  and  p ie z o m e t r ic  h e a d s  
f o r  t h e  e le m e n ts .  The f lo w  a c r o s s  t h e  c ru s h e d  ro c k  s e c t i o n  f o r  th e  
r e s p e c t i v e  se e p a g e  h e i g h t s  can  b e  c a l c u l a t e d  i n  t h i s  way. I n  F ig ­
u r e  20 , t h e  v e l o c i t i e s  o f  th e  n in e  e le m e n ts  i n  s e c t i o n  A-A a r e  
a v e ra g e d  and  th e n  m u l t i p l i e d  by th e  h e i g h t  o f  th e  s e c t io n  t h a t  i s  a a . 
I n  th e  same way th e  f lo w  c a n  be c a l c u l a t e d  from  s e c t i o n  B-B. I f  th e  
s e e p a g e  h e ig h t  i s  ch o o sen  c o r r e c t l y  th a n  th e  f lo w  c a l c u l a t e d  from  
th e  s e c t i o n  A-A w i l l  e q u a l  th e  one fro m  th e  s e c t i o n  B-B, T h e r e f o re ,  
t h e  d i f f e r e n c e  flo w  r a t e s  b e tw een  th e  two s e c t i o n s  p l o t t e d  a g a i n s t  
t h e  assum ed se e p a g e  h e i g h t  i s  a  m ethod  f o r  th e  d e te r m in a t io n  o f  th e  
s e e p a g e  h e i g h t .  The e x a c t  seep ag e  h e i g h t  i s  th e  one c o r re s p o n d in g  
t o  z e ro  d i f f e r e n c e  i n  f lo w  r a t e  a s  shown i n  F ig u r e  2 5.
The se e p a g e  h e i g h t  fo u n d  n u m e r ic a l ly  i s  9» 9 om. a s  com pared 
to  th e  e x p e r im e n ta l  v a lu e  o f  1 0 .4  cm. th e  e r r o r  i s  4.79^»
The f r e e  s u r f a c e  p r o f i l e  and  th e  e q u a l  p o t e n t i a l  l i n e s  b o th  
from  th e  e x p e r im e n t and  t h e o r e t i c a l  c a l c u l a t i o n s  a r e  p l o t t e d  on 
F ig u r e  2 6. Prom th e  g ra p h s  one can  s e e  t h a t  th e y  a r e  q u i t e  c o n s i s t ­
e n t  and th e  d e v i a t i o n s  o f  a l l  th e  s u r f a c e  n o d es  a r e  l e s s  th a n  2 ^ .
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T h is  i n d i c a t e s  t h a t  th e  f i n i t e  e lem en t m ethod i s  a p p l i c a b l e  to  th e  
s o l u t i o n  o f  s te a d y  n o n -D arcy  seep ag e  p ro b lem s i n  p o ro u s  m ed ia  
b a s e d  on e x p e r im e n ta l  e v id e n c e .
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CHAPTEH FIVE 
D is c u s s io n s  M D  COHCLUSIOHS
Prom th e  w ork p r e s e n te d  i n  C h a p te r  3  and C h a p te r  4> th e  fo llo w ­
in g  d i s c u s s io n s  and c o n c lu s io n s  a r e  drawn?
5 ,1 ,  C o m p aris io n  o f  I n t u i t i v e  F r i c t i o n  E q u a tio n s
G e n e r a l ly ,  th e  e q u a t io n s  f o r  n o n - l i n e a r  f lo w , r e g a r d l e s s  o f  th e
m ethod o f  d ev e lo p m en t, can  b e  e x p re s s e d  i n  one o f  t h r e e  fo rm s 
Î =  a V "  
i = o V ♦ bV*
!= o V  + b V ?  + cV*
T hese i n t u i t i v e  fo rm u la e  do n o t  c o n ta in  any te rm  in v o lv in g  th e  
f l u i d  v i s c o s i t y  so t h a t  th e y  a re  n e c e s s a r i l y  l i m i t e d  to  c o n d i t io n s  
w here  v i s c o s i t y  h a s  l i t t l e  e f f e c t  o r  to  a  r e s t r i c t e d  ra n g e  o f  
R ey n o ld s  n u m b ers . Among th e s e  t h r e e  e q u a t io n s ,  th e  e x p o n e n t ia l  
e q u a t io n ,  ow ing to  i t s  co n v e n ie n c e  i n  a p p l i c a t i o n ,  h a s  b een  u s e d  as  
a  b a s i c  e q u a t io n  by many r e s e a r c h e r s  su ch  a s  Lawson (1 5 )«  However, 
i t  w ould  \ f e  a p p e a r  to  be th e  m ost u n f a v o r a b le  e q u a t io n .  As one can  
s e e ,  th e  h e a d  l o s s  i s  e x p re s s e d  in  te rm s  o f  th e  c h a r a c t e r i s t i c s  o f  
t h e  b ed  and  m a te r i a l  a s  em bodied i n  Q and th e  m a c ro sc o p ic  v e l o c i t y  
r a i s e d  to  some pow er o f  n , Upon d i f f e r e n t i a t i o n ,  i t  i s  fo u n d  t h a t  
- i i  = ,  T h is  shows t h a t  th e  r e l a t i v e  change  i n  h ead  l o s s  i s
n  t im e s  th e  r e l a t i v e  change i n  v e l o c i t y  o r  th e  d is c h a r g e  so  t h a t  
t h e  p ro p e r  v a lu e  f o r  h  v a r i e s  c o n t in u o u s ly  w ith  th e  v e l o c i t y .  I n  
o t h e r  w o rd s , i t  i s  n o t  c o r r e c t  to  e x p r e s s  a  w ide ra n g e  o f  d is c h a rg e  
r a t e s  r e l a t e d  t o  th e  h y d r a u l i c  g r a d ie n t  by a  u n iq u e  v a lu e  o f  n , 
T h is  o b j e c t io n  i s  n o t  s e r io u s  i n  t h e  two o r  t h r e e  te rm  e q u a t io n .  
F o r  th e s e  two e q u a t io n s ,  t h e  im p o r ta n t  in f lu e n c in g  f a c t o r s  a r e  th e
93
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c h a r a c t e r i s t i c s  o f  th e  "bed and  th e  c h a r a c t e r i s t i c s  o f  th e  b ed  m a te r­
i a l s ,  T h e r e f o r e ,  i t  i s  b e l i e v e d  t h a t  t h e  two and th r e e  te rm  e q u a t­
io n s  a re  b e t t e r  th a n  th e  e x p o n e n t ia l  e q u a t io n  i n  t h e i r  r a n g e  o f  
a p p l i c a b i l i t y .  The e x p o n e n t ia l  fo rm  s h o u ld  n o t  be  u se d , e x c e p t ,  w ith  
c a r e f u l  l a b o r a to r y  work to  d e te rm in e  n f o r  th e  s p e c i f i e d  r a n g e  o f  
f lo w  r a t e s .
I t  was shown t h a t  t h e  t h r e e  te rm  e q u a t io n  i s  s l i g h t l y  b e t t e r  
th a n  th e  two te rm  e q u a t io n .  H ow ever, f o r  c ru s h e d  ro c k  i n  th e  ra n g e  
o f  R ey n o ld s  num ber 6 0 0 -4 0 0 0 , th e  two te rm  e q u a t io n  i s  a lm o s t a s  
good a s  t h e  t h r e e  te rm  e q u a t io n .  T h e r e f o r e ,  th e  two te rm  e q u a t io n  
i s  u s e d  i n  f u r t h e r  a p p l i c a t i o n s .
I n  t h e  t h r e e  te rm  e q u a t io n ,  th e  ex p o n en t \  f o r  th e  t r a n s i t i o n  
f lo w  te rm  i s  q u i t e  a r b i t r a r y .  One m ig h t f i n d  a n o th e r  v a lu e  f o r  th e  
ex p o n en t to  g e t  a  b e t t e r  c o r r e l a t i o n  b a s e d  on a n a l y s i s  o f  ex p erim en ­
t a l  r e s u l t s .
Inasm uch  a s  t h e r e  a r e  f o u r  f lo w  re g im e s , a c c o rd in g  to  t h e  r e s u l t s  
and  d e d u c t io n s  o f  th e  t h r e e  te rm  e q u a t io n ,  one m ig h t p ro p o se  a  f o u r  
te rm  e q u a t io n  su ch  a s
m 2
i = q V + b V  + cV  ® + d V
la m in a r  n o n - l i n e a r  t r a n s i t i o n  t u r b u l e n t
f lo w  la m in a r  f lo w  flo w
flo w
T h is  e q u a t io n  c o u ld  be  e x p e c te d  to  g iv e  a  b e t t e r  c o r r e l a t i o n  j u s t  a s  
o c c u r r e d  w i th  th e  t h r e e  te rm  e q u a t io n .
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5 * 2 . The C h a r a c t e r i s t i c s  o f  t h e  C o n s ta n ts  Q and b i n  th e  Two Term 
F r i c t i o n  E q u a tio n  and  th e  P e r m e a b i l i ty  f o r  T u rb u le n t  Flow 
The c o n s ta n t s  a  and  b in  th e  two te rm  f r i c t i o n  e q u a t io n  have  
b e e n  i n v e s t i g a t e d  by a  num ber o f  r e s e a r c h e r s .  F o r exam ple;
L in d q u is t  r e p o r te d  t h a t  a and b h a v e  th e  fo l lo w in g  e x p r e s s io n  
r e s p e c t i v e l y ;
0 = 6 !
E *  d'
and
b = (5.2.2.)
i n  w h ich  E i s  p o r o s i t y ,  d i s  th e  e q u iv a le n t  d ia m e te r  o f  th e  g r a in ,
P  th e  d e s i t y  o f  th e  f l u i d  and f o r  i r r e g u l a r  a n g u la r  g r a in s
Ot. è  150 0  and ^  3 .6
Carmen fo u n d  t h a t
a -  5 A S ^ ( I - E ) ^  ( 5 . 2 . 5 . )
E*
and
b -  b . S . ( l - E )  ^  ( 5 . 2 . 4 . )
E^
i n  w hich  So i® th e  s p e c i f i c  s u r f a c e  o f  s o l i d ,  E i s  th e  p o r o s i t y ,  
/M- th e  v i s c o s i t y ,  p  t h e  d e n s i ty  and  b, i s  c o n s ta n t s  v a r i e d  f o r  
d i f f e r e n t  p o ro u s  m ed ia .
Ward r e c e n t l y  p ro p o se d  t h a t  a and b can  be e x p re s s e d  by th e  
p e r m e a b i l i ty  K a s  f o l lo w :
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and
i n  w hich  fi> i s  t h e  v i s c o s i t y ,  Ç  i s  t h e  d e n s i ty  and K i s  a s  e x p re s s ­
ed  a s  ( 3 . 1 . 7 . )
Prom t h e  above e q u a t io n s ,  one can  say  th e  c o n s ta n t  a and b a re  
d ep e n d e n t on  th e  p r o p e r t i e s  o f  f l u i d  and th e  c h a r a c t e r i s t i c s  o f  th e  
b e d  and a r e  n o t  a f f e c t e d  by th e  flo w  v e l o c i t y .  The m ost im p o r ta n t  
f a c t o r  i s  th e  p o r o s i t y .  T h e re fo re ,  a  c a r e f u l  s tu d y  o f  th e  p o r o s i ty  
e f f e c t  i s  n e c e s s a r y .
Prom th e  p l o t s ,  a i s  t h e  i n t e r c e p t  on th e  a x i s  and b i s  
th e  s lo p e  o f  th e  s t r a i g h t  l i n e .  The v a lu e  o f  a and b fo u n d  from  
th e  e x p e rim e n t f o r  eac h  s i z e  o f  c ru s h e d  ro c k  shows a  d e c r e a s in g  t r e n d  
a s  th e  s i z e  o f  th e  ro c k  i n c r e a s e s .
The p e r m e a b i l i ty  c h a r a c t e r i s t i c s  o f  th e  r o c k s  s e c t io n  a re  o f  
v i t a l  im p o r ta n c e . The p e r m e a b i l i ty  p ro p o se d  f o r  tu r b u l e n t  f lo w  i s  
d e r iv e d  from  th e  L i n d q u i s t 's  law a s  fo l lo w ;
 ^ = 0 + b V
The v a lu e  o f  a and b a r e  d e te rm in e d  from  e x p e r im e n ts . I t  i s  
o b v io u s  t h a t  t h e  p e r m e a b i l i ty  i s  a  f u n c t io n  o f  th e  v e l o c i t y  i n  th e  
t u r b u l e n t  c a s e  b u t  i n  th e  la m in a r  c a s e  i t  d o es  n o t .
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5» 5« P ro p o se d  G e n e ra l R e s is ta n c e  F orm ulae  f o r  Cam shed Rock
F o r c ru s h e d  ro c k  i n  w h ich  th e  t u r b u l e n t  f lo w  c o n d i t io n s  a re  
common, th e  r e s i s t a n c e  e q u a t io n  b a se d  on  d r a in a b le  p o r o s i ty  can  be  
r e p r e s e n te d  by th e  r e l a t i o n
&. 2 — )  — 3"^  . .
_______ ' ' Mg ' Ey = 1 - 0 2 2  + 0 - 0 4 2  I ___________ .V -M j
1* 0 5 . ( I  - E , ) *  ) (  1 5 . 3 . 1 . )
and  i f  b a s e d  on d ry  p o r o s i t y ,  i t  i s
--------------------------^-------------  = 1.8185 + 0 . 0 0 8 7 5 ________E*' -^ V - Mg ( 5 . 3 . 2 . )
V •/«••(rg ( l - E ) *  )(  I -  E )^ /
In  e q u a t io n  ( 5 . 3 . 1 . ) ,  a  c o r r e c t io n  f a c t o r  o f  E* was m u l t i p l i e d  
t o  th e  seco n d  te rm  on th e  r i g h t  hand  s id e  so t h a t  th e  b e s t  c o r r e l a t i o n  
f o r  a l l  t h e  p l o t s  f o r  d i f f e r e n t  s i z e s  o f  c ru s h e d  ro c k  was o b ta in e d .
E q u a tio n  ( 5 . 3 . 2 . ) ,  w h ich  a g re e s  w ith  W a rd 's  r e s u l t s ,  h a s  n o t  been  
m u l t i p l i e d  by any c o r r e c t i o n  f a c t o r  b e c a u se  th e  d ry  p o r o s i t i e s  a re  
q u i t e  c lo s e  to  each  o th e r .  Though b o th  o f  them  a r e  d e r iv e d  from  
c ru s h e d  ro c k  r a n g in g  from  3.522  cm. to  0.965  cm ., i t  i s  b e l ie v e d  t h a t  
e q u a t io n s  ( 5 . 3 . 1 . )  and  ( 5 . 3 . 2 . )  can  b e  a p p l ie d  to  any s i z e  o f  c ru sh e d  
ro c k .  F o r c o n f i r m a t io n s ,  f u r t h e r  e x p e r im e n ts  on  l a r g e r  c ru s h e d  ro c k  
sh o u ld  be p e rfo rm e d .
F o r a c c u ra c y , th e s e  e q u a t io n s  sh o u ld  be u s e d  to  p r e d i c t  th e  
q u a n t i ty  o f  f lo w  u n d e r  t u r b u l e n t  c o n d i t io n s  f o r  c ru s h e d  ro c k .  The 
q u a n t i t i e s  o f  flo w  u n d e r  t u r b u l e n t  c o n d i t io n s  c o u ld  be g r e a t l y  in  
e r r o r  i f  b a se d  on Darcy* s law .
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5 . 4 .  W all E f f e c t
I t  w as shown by R ose and Dudgeon t h a t  th e  p re s e n c e  o f  s id e  w a l l s  
i n  th e  p a c k in g  o f  n o n -c o h e s iv e  g r a n u la r  m a t e r i a l  c a u s e s  a  zone o f  
h ig h e r  p o r o s i t y  o f  th e  o r d e r  o f  h a l f  a  m edian  p a r t i c l e  d ia m e te r  t h i c k  
t o  o c c u r  a g a i n s t  th e  w a ll  and  th e  v e l o c i t y  d i s t r i b u t i o n  a c r o s s  th e  
s e c t i o n  h a s  a  form  a s  shown i n  F ig u r e  27 .
»  =
u. 2
F ig u re  2 7 . P o s tu l a t e d  V e lo c i ty  D i s t r i b u t i o n  
a c r o s s  a  Tube
The w a l l  e f f e c t  f o r  c ru s h e d  ro c k  a s  shown from  F ig u re  27 , i s  n o t  
q u i t e  a s  s i g n i f i c a n t  f o r  c ru s h e d  ro c k  a s  f o r  t h e  s p h e r i c a l  m a t e r i a l s  
w h ich  Rose and  Dudgeon i n v e s t i g a t e d .  T h is  is  b e c a u se  th e  s h a p e s  o f  
th e  c ru s h e d  r o c k s  a re  a n g u la r  and t h e r e  a r e  d i f f e r e n t  s i z e s  o f  c ru s h e d  
ro c k  m ixed  to g e th e r .  T h e r e f o re ,  th e  p re s e n c e  o f  th e  s id e  w a l l  w i l l  
n o t  c a u s e  a s  much v o id s  b e tw ee n  th e  m a t e r i a l s  and  th e  w a l l .  The h ig h e r  
p o r o s i t y  n e a r  th e  w a ll  r e s u l t i n g  from  th e  e f f e c t  on l o c a l  p a c k in g  i s  
th e n  g r e a t l y  e l im in a te d .
F o r  c ru c h e d  ro c k , i f  <  0 -1 4  , w a l l  e f f e c t  i s  n o t  s i g n i f i ­
c a n t  b u t f o r  s p h e re s ,  R ose fo u n d  t h a t  0 - 0 2  .  The w a l l  e f f e c t
D
i s  a lm o s t in d e p e n d e n t o f  f lo w  r a t e .
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5 .5 .  Dry and  D ra in a b le  P o r o s i ty
The d ry  and  d r a in a b le  p o r o s i t y  h a v e  b een  s tu d ie d  and t h e i r  
e f f e c t s  on th e  r e s i s t a n c e  e q u a t io n s  h av e  b een  com pared a s  shown i n  
e q u a t io n s  ( 5 . 5 . 1 . )  and ( 5 . 5 . 2 , ) .  The d ry  p o r o s i t y  found  f o r  a l l  k in d s  
o f  c ru s h e d  ro c k  re m a in s  a lm o s t th e  sam e. B ut th e  d r a in a b le  p o r o s i t y  
v a r i e s  and  t h e r e  seem s to  be  no s p e c i f i c  t r e n d  i n  th e  v a r i a t i o n s .
The p ro c e d u re  f o r  th e  d e te r m in a t io n  o f  d ry  p o r o s i t y  r e q u i r e d  
m ore e f f o r t  th a n  th e  d e te r m in a t io n  o f  d r a in a b le  p o r o s i t y  f o r  t h i s  
s tu d y .  The e x p e r im e n ta l  r e s u l t s  show th e  d e v ia t io n  o f  th e  d r a in a b le  
p o r o s i t y  from  th e  d ry  p o r o s i t y  to  be  a b o u t y fo . S in c e  th e  r e s i s t a n c e  
e q u a t io n s  a r e  so s e n s i t i v e  to  th e  v a r i a t i o n  o f  p o r o s i t y ,  th e  i d e a  o f  
u s in g  th e  d r a in a b le  p o r o s i t y  i n s t e a d  o f  th e  d ry  p o r o s i ty  i s  q u e s t io n ­
a b l e ,  N e v e r th e le s s ,  th e  d r a in a b le  p o r o s i t y  i s  im p o r ta n t  i n  u n s te a d y  
f lo w .
The d r a in a b le  p o r o s i t y  i s  lo w e r th a n  th e  d ry  p o r o s i t y .  T h is  
com es from  t h e . f a c t  t h a t  w a te r  s t i c k s  on th e  s u r f a c e  o f  th e  ro c k s  
and h en ce  r e d u c e s  th e  volum e o f  th e  v o id s  i n  th e  d r a in a b le  c a s e .
5 .6 ,  S eep ag e  H e ig h t and F ace
An e q u a t io n  f o r  th e  c a l c u l a t i o n  o f  seep ag e  h e ig h t  b a s e d  on  th e  
u p s tre a m  and dow nstream  w a te r l e v e l ,  th e  l e n g th  o f  th e  ro c k  sam ple  
and  th e  R ey n o ld s  num ber h a s  been  p ro p o s e d  a s  shown below ;
I n  t h i s  e q u a t io n ,  t h e  e f f e c t  o f  g r a v i t a t i o n a l  f o r c e  i s  n e g le c te d
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b e c a u se  th e  v e l o c i t y  h ead  i n  eac h  e lem en t i s  v e ry  sm a ll a s  com pared
to  th e  p ie z o m e tr ic  h e a d . A lso i s  assum ed a p p ro x im a te ly  e q u a l to
0 .0 1 4 .  I n  la m in a r  f lo w , r e g a r d l e s s  o f  th e  dow nstream  s lo p e ,  th e  
l i n e  o f  seep ag e  m ust be ta n g e n t  to  th e  dow nstream  boundary  a s  shown 
i n  F ig u re  28.
F ig u r e  28 T r a n s f e r  C o n d it io n s f o r  L am inar Flow
I n  tu r b u l e n t  f lo w , e x p e r im e n ts  i n d i c a t e  t h a t  th e  ta n g e n t  
c o n d i t io n  does n o t  h o ld .  The t r a n s f e r  c o n d i t io n  f o r  t u r b u l e n t
flo w  i s  i l l u s t r a t e d  i n  F ig u re  29.
F ig u re  29 T r a n s f e r  C o n d it io n s  f o r  T u rb u le n t  Flow
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I t  was o b s e rv e d  t h a t  th e  r e l a t i v e  h e ig h t  o f  th e  seep ag e  f a c e  
in c r e a s e d  w ith  in c r e a s in g  R eyno lds num ber b u t  d e c re a s e d  w ith  in c re a ^  
s in g  t a i l w a t e r  l e v e l .  The dow nstream  f a c e  fo rm ed  by th e  s u r f a c e  o f  
r o c k  and th e  s c r e e n  i s  v e ry  rough  so t h a t  a s  w a te r  d ro p s  a lo n g  th e  
f a c e ,  i t  i s  d i s p e r s e d  o u t  o f  th e  f a c e .  I f  th e  f a c e  i s  sm ooth , th e  
se e p a g e  l i n e  m ig h t be c l o s e r  to  b e in g  ta n g e n t  to  th e  dow nstream  f a c e .
G raphs h a v e  b een  p l o t t e d  from  th e  m easu rem en ts  o f  th e  seep ag e  
h e i g h t  and a r e  shown in  F ig u re  22 to  F ig u re  24 . The ra n g e  o f  
a p p l i c a b i l i t y  o f  th e  p ro p o se d  e q u a t io n  i s  i n d i c a t e d  by th e  s c a t t e r  
i n  F ig u r e  22.
5 .7 .  The F i n i t e  E lem en t M ethod
The f i n i t e  e lem en t a p p ro a c h  g av e  a  v e ry  good s o lu t i o n  f o r  th e  
two d im e n s io n a l n o n -D arcy  seep ag e  p ro b lem  a s  e v id e n c e d  by th e  com­
p a r i s o n  o f  th e  n u m e ric a l r e s u l t s  w ith  th e  e x p e r im e n ta l  m easurem en ts 
shown i n  F ig u re  26,
I t  seem s t h a t  th e  o r i g i n a l  ap p ro a c h  u s in g  t h i s  m ethod c a n n o t 
g iv e  a  s a t i s f a c t o r y  s o lu t i o n  o f  th e  e x i t  p o in t .  A p o s s i b l e  r e a s o n  
f o r  t h i s  i s  t h a t  th e  e f f e c t  o f  c o n v e rg e n ce  o f  th e  m acro s t r e a m l in e s  
i n  lo w e r in g  th e  h y d r a u l i c  c o n d u c t iv i ty  i n  th e  e x i t  r e g io n  h a s  n o t  been  
ta k e n  i n t o  a c c o u n t.  An a l t e r n a t e  m ethod o f  r e a s o n in g  b a se d  on th e  
c o n s ta n t  flo w  th ro u g h  each  s e c t io n  was a p p l ie d  to  f i n d  th e  e x i t  p o in t  
and  was s u c c e s s f u l .
The a s su m p tio n s  made f o r  th e  a p p l i c a t i o n  o f  th e  f i n i t e  e lem en t 
m ethod  a r e :
A. The f lo w  a c r o s s  e ac h  e lem en t i s  u n ifo rm .
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B, The f lo w  and p r e s s u r e  a r e  c o n t in u o u s  from  e lem en t to  e le m e n t,
C, The v e l o c i t y  h e a d  i s  n e g le c te d .
The p r i n c i p a l  a d v a n ta g e  o f  th e  f i n i t e  e le m e n t a p p ro ac h  o v e r  th e  
u s u a l  f i n i t e  d i f f e r e n c e  m ethod l i e s  i n  t h e  a r b i t r a r i n e s s  w i th  w hich  
n o d e  p o in t  l o c a t i o n s  may be s e l e c t e d  to  s a t i s f y  v a r io u s  b o u n d a ry  and 
i n t e r f a c e  c o n d i t io n s  f o r  p ro b lem s o f  i n t e r e s t .
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1 '
1 Au 3l A . iX
P P  i ;'i T 3  , A , l A
l-NU A ; J  ;  o : - i  1 V IN i
3 FOPAAT ( 2F7 . 3 )
33Y= J
3  S >: i = 3
JO 4 I = 1 , i'J
PcAu 6,  Q.HT
AA=231.* 2 . 0 4 / ( 6 0 . * 1 2 1 . )
XI (I)=AA*Q





F A I N T  Ki-i
O F03FAT (12HFCYN0LJ N0 . =F12 . 3 )  
4 CONTINUE
P in-  f\'
Y:.', = S3Y/PN 
X1M=%3X1/PN
DO 16 1 =1 , N




DO 2 0 1=1,







r '' r-N 1 I N T 2  O , K'
O F  J ’n':n A T ( _!A , 1 3 ,  l u x ,  1 2 )  
o  r >jr< '-'l A T i 6’X , r  / • 2  • V 0 , :- 3  • )
'o FUN .'F, T (OX, 2i-iN = F 13 . 0)
Cu TO 1
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 ^ - .j; i  ^( i_ . A ; , ( C. ' • -' ) , A 2 F_ ' , 1^ f' C 2 -a; / " ^ A 1 \ . / • w -■' 2 ( 2) - .
-V I 1 O N  I.' ( 2  .. ; ; • A'V ( 2  ■■ ■ ) ,  V v' ( , /-\ ( ^ ^ .. ' ;
DIOENSICN VT(2-^)
J FÛAFÂT ( d X , : 0 , I 3 X , I Z )
lA;;. ,AiJ J  « G;-’1 , V A 1
3 FONDAT ( 2FT. 3)
3 3  4 1 = 1 ,  N
I<3 A 3  6  , 3  , r; V
P i < I N T  6 ,  0 , n T  
o  i- ui%a2n I ( o A , r  U.A , F o  * u  )
3  '-; =  /A Ui 1 •  ' T t X  ( o  I  1 .  )
X1(1)=AA*Ü





4 C C N T i N U E 
P N  = N
YF=33Y/PN
X1F=SSX1/PN
3 0  1 6  1 = 1 , N
OY(I)=Y(I)-Y%
CX1( I ) =X1( 1) - X1F




./ w- ci - I — 1 9:4
.^-0'/=33C''-rC\"( I ) 4CY( I )
..Alcx 1 = 3 3 OX I -I c x  I ( I ) ;:-cx : ( : )
:u:i:-:2 = 3A:ix2-rN,x: c i ) x u Cu ; i )
: =_0\ ( : ; x ; ; )
...X2Y = .0<2Y + :.A^  ( I ) :.-uY ( I )
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t ■' P  i  1 'i T ' “ T- C— 5 L._) 1 t u —. ,  2
42 r O N, A T ( 4 X ,  1 ./ «.2, O.-i-j—= r  1 ù .  u  ,
33C=2l*2X lY AÙ 2% 2X2Y
N=30RT(SR)
P p i N T  4 3 ,  K
43 FONDAT ( lHJ,^.nN=F13.3)
00 TO i
1234 OALL EXIT 
Ouvl 3T0P
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PUNCH Sû 
83 FONDAT (lONPH^NO-ÛHuu NU)
1 r A il. [j 9 Tn
2 FONDAT ( 5X, I3)
U=LOGF( 10 . -0
A = i . u /  ; 3 
G I = 0 
UTT = 0
0 0  3  I = 1 , N
,40AU 4 , VjT ( I )
P U N C H  4 ,  WTCi)
4 FONDAT CUX.FO.O;
X l ( i ) = ( 6 . % w T ( I ) / ( 8 . 1 4 1 ^ % ^ . 0 7 v 7 ) ) ^ 4 u . - 3 4 U 4 O 4 8
Y1(I)=A%LÜUF(X1(1))
PUNCH 12,  Y1(I)
12 FONDAT C6HY1( I ) =F1U.:0 
G i =G 1 -rY 1(1)
ATT= ATT+WT( i )
3 CONTINUE 
P  i \  ~  N
GUI=G1/PN
G '■'lu i — 1 'u .  0 4- u  o  1 
PUNCH 5 3 ,  Gi'lG I 
0 1 = 0
00 6 1=1 , N
ZI ( I ) = ( Y1 ( I )-GLl ) 2
A 1=W1+Z I ( I )
6 CONTINUE 
PT=N-1 
U 1  = 0  1 / P T  
5IGD1=30PTF(U1)
5 I G Ai 2 = 1 u . 4**3,1 Gi-'i 1 
PU,'40H 77 , 3 I U.'-i2 
3 5  F  u  N I  ■ i  T (  4X ,  1  . I H  u u  0 ' , - , L  T i - c  I C  i ’ i i . . , - A N  A G I  =  i - - '  1 . 3  . 3  )
77 FONDAT (4X,  Z^HGLODOTPIC uLVIATl U3=^i _. j )
■3 'U u C A L EXIT
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i u L ; i \Jr
1 NE AD 2 , l'i
2 FONDAT ( 3X, I 3 )
3=L0GFC 1 0 . - )
A = i » 2 / .  3 
0=0 
V T = 0
NEAÜ 0,  V(I)
PONCH G, V( l )
3  F O N D A T  ( 3 X , F 6 . 2 )  
X ( I ) = ( 0 . * V ( i ) / 3 . 1 4 1 6 ) %  
Y(I)=A*LOOF(X(I) )
PUNCH 11,  Y( l )
i 1 FONDA T ( 3HY( I )=F1_. 3)  
0=G+Y(I)
VT = VT  +  'V ( ! )
PUNCH 444
GL=G/PN
PUNCH 3 ,  G AG
2 ( I )  = ( Y ( I ) - G L ) : : * 2
vj = A + Z ( i )
U = A / P T
G1GDT=GÜRTF(U)
3 I G.4A = 1 0 .  0-x-*GIG.MT
F  U 14 G H T , 3  i U M .A
3 FONDAT (4X,18HG3CDETR1C 




Z V I A T I  OM = F  l u , .
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OIZENSION X l ( 2 - - ) ' Y ( 2  2 ) , u ( 2  







1 0 . 0
YO=(YDAX-YDlN)/ lU.
2 CALL PLOT(l ,XDIN,XDAX,XL,XJ,Y. iIN,Y AX,YL,YO)
3SY = 0 
55X1=0
L =  I 
:< = 1
1 DEAD 3 ,  GM , LV , GO , V l) 1 ,  ViN 1
3  F O N D A T  ( 5 F 7 . 3 )
VO = V D I * 4 5 3 . L 0 * 0 3  I . / l u . * * 3 / 3 0 . 4 u * * 2  
VX=VKl*3 0 . 4 3 x * 2 / l u . x %3  
PRINT o o o a ,  VD,VK 
3006 FORNAT ( 2 F12 . 0 )
C i< = G ui * *  2  
0V=EV**3 
EEV=(1. -EV)**2  
FV=UV/EEV 
GV = L O G F  C GO )
-iV = GO**GV 
PV=VJyhv 
u  V = C .4 4- p V 
NV=OV/PV 
REAL 3,  N,NR 
0 FONDAT ( 3 X, 1 3 , 1 3 X , 1 2 )  
j  0  4 I = i , ; -4 
READ 6,  0,HT 
6  FOi ,^-IAT ( O X , F T . 2 , O X , F 3 . 2 )
2 = 2  -u 1 .  .j * i* /  ( 1 u. 1 .  )
X1([)=AA*0
H •_=H r /  3 I .
Y ( I ) = H T / ( X l ( i ) * 3 1 . )
4 ( I ) =Y( [ ) * NV  
2 = 0+1
= '2( I )
3V=30NTF(FV)
TV = 2LNTF ( i-iV )
JV(I)=X1(I)%GD/VN 
VV(I)=5VXUV([: /TV 
V T ; I ) = Y ; i )
0 ( J ) =VT( I )
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3 5 Y = 0 5 Y ^ A ( J )
35X1=35X1+D(u)
CALL PLOT ( 3 , V T ( I ) , 2 ( I ) )
4 CONTINUE 
K = K+1
I F  ( ; < - 3 )  1 , i , 7
YD=33Y/PN 
X1N=33X1/PN 
PRINT iO,  YD.XID 
1 0  FORMAT (4X, 1 JHulcAN OF Y=F10.3,  1 lH,.iLAN OF X1=H10.0)
0 0  1 Ô I = I , M 
CY(I)=A(J)-YM 




3  3  C Y = 0 
00 20 I=1,H 
3XY=3XY+CX1(I)*CY(I)
3SCX1=33CX1+CX1(I)*CX1(I)
S 3 C Y = S 5 C Y + C Y ( I ) # C Y ( I )
2+ CONTINUE
PRINT 1761,  3XY 
1 7 5  1 F O R M A T  ( 1 H ... , 4 H S X  Y = F  1 3  .  6  )
PRINT 1 8 5  1 , S W  
1 8 5  1 FORMAT (1FK,3H3U=F18.4)
0=3XY/S3CX1 
P R I N T  2 4 ,  o  
24 FORMAT ( IHJ, 2Hu=F12. 0)
OÛ 5  0 0 = 1 , M
PY = 6:^(0(J)  -X1M)+YM
CALL P L O T  (Ou,0 ( 0 )  , PY)
50  CONTINUE
CA^L PLOT (09)
C A L L  PLOT ( 7 )
1234 CALL EXIT 
33 ENO
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I l l
üi X C X S I O N  X 1 2 ( 7 4 ) , X 2 3 ( 7 4 ) , Y X 2 3 ( 7 ^ ) , X : 2 ^ : 7 i ; , A L P : 7 4 ; , G 4 :  
3 I 4 7 X 3 I 0 N  U ( 7 4 ) , M ( 7 4 ) , j r ( 7 4 ) , H - ( 7 % ;
3 I X 3 N 3 I 0 X  Cll(74),Ci 2(74) ,C I^(74)
3: 4 E N 3 I 3 X  Y(74),Xl(74),X2(74),X;(7:r)
D I .',cNS I 0:4 V ( 74 ) , K ( 74 )
^1X0^51 ON 0 10(74),YX2(74)
OI N L N O i O N  A(74),u(74),0(74),.)3T(74)
S i -  -j
uO 20 1 = 1 , 7 4
tX L  / 4 X  1 ,  0  ( i  ) ,  f-i C I ) • i 1 7 ( i ) ,  r!  ( Î )
P 7  11\T 1 , u  ( i ) , H ( I ) , MT ( i ) • H 3  ( I )
1 FORNAT ( 4F7 . 2 )
V ( I ) = 0 ( I ) % 2 3 1 . % 2 . 2 4 * % ^ / ( H ( I ) % I l . ^ c O )
N( I 1 =V( 1)^1 . 652* 70^,72)
PRINT 3 ,  R ( I )
Y •  Ô  )‘01^7 1 A T ( I ri , u  H R ( I ) =
, 1 2 ( 1 ) = NSC I ) / H ( I )
' R I NT 1 1 1 3 , C I 2 ( I 1
ON T A T ( I H ^ , 7 H C I 2  ( i
( I ) = AL 0 G ( 0  1 2 ( 1 ) /
1 1 ( 1 1 • r R ( I )
i ( I ) = A L OG ( 0 1 1 ( 1 ) )
3 0 # o
3 ( 1 ) = 1 • 'r -r ( A L / H ( I ) )
_ j  ( , ; L OG ( T 3 ( I ) )
1 5 ( 1 ) ~ i i T ( : ) / H ( I )
. < i. 1 'i i 1 , 0  I 3  C I )
OR.  lA ( I ' l -  , 7,"i 0  I ( I
) = I .  / 1
R I.NT i 1 1 1 , C 1 3 ( I )
0 7 2  5 0 ( 12; , T ri 0  I
= ( 0 1 3 ( 1 ) )
4 Y ( I ) % X 1 ( I )
-  ( :
1 1 1 2  F N T  l N , 7 n O b ( I ) = F 1 2 . ^ )
3 3 = 3 2 + 7 ( 1 )*X2(1)  
3 4 = 3 4 + X 2 ( i ; * Xl ( I )
X i 2 ( I / = X l ( I I * X 2 ( i )  
X 2 3 ( l ) = X 3 : I ) * X 3 ( i )  
Y X 2 3 ( I ) = Y( l ; * X2 3 ( l )  
X1 2 2 ( : ) = Xl ( i ) %X2 2 ( l )  
X222 ( I ) = X2 ( i / X-X2 3  ( 1 )
Yi i iic : ) ^ Y ( [ ) x/12 ( : )
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E P 3  ( 1 ) = 'Oils .2
DC 2 1 I = I , 74
E i- ■' Oi ( 0 ) = ( J — 1 ) —3*
TL =■ T 3  ( I EPS(U)
3 T  1 =S T 1PTE*X12( I)
ST PTE4 X2 3 ( I )
S T P T E 4YX2S(I)
3 T 4 = S T 4 f T C * X 1 2 3 ( I )
3 T S = 3 T 5 + T Z * T L * X 2 2 3 ( 1 )
5 T C = 3 T ô + T 2 * % 2 3 J ( I )
5 T 7 = S T 7 + T E * Y X 2 ( I )
3 T a = S T 3 + ( T 2 * X 2 ( I ) ) * * 2  
2 1 C O N T I N U E
D = 3 3 * ( 3 T 0 K U 2 - S T 2 * * 2 ) - E T l * ( ^ T l * ^ 2 - ^ 4 ; - _  
A ( J ) = 3 l * ( 3 T u * S 2 - 3 T 2 * X 2 ) - U T l * ( E T 7 * ^ 2 - ^  
A L P ( J ) = A ( J ) / ü
, ( J ) = ^ E ' : ( 3 T 7 % 3 2 - ^ 3 % S T E ) - U l * ( ^ r i 7 ^ 2 - - 4
U c T  ( U  ) =  u  ( J  ) / i ^
G ( U ) = G 3 I 6 4-' 3.2 — 7 E * I 7 ) ~ ” I f i * 3 ~
,o + i,'iCU) — o CU)XlJ
R E N ( J ) = ( 3 T 3 - ( A L P ( J ) * 3 T 4 + U E T ( J ) * ^ T 3 + G \ U ( J ) * _  
P R I N T  2 -  E P G  ( J  ) , A L P  ( U ) , . 2 E T  ( J  ) , J  ) U-0.. ^7 J  )
2  F O R M A T  ( l H u , 4 H E P 3  = F l U . 6 , l H J .  7 A A L P  = -  1 2 . Y,  ! - :
1 1 H Y , 4iHG A 7  = F  1 2  . 3  , 1 i l u  , 4 H P E A  = F  1 2 . 3 1  
: 1  C O N T I N U E  
; 3  C A L L  E X I T  
3 T 0 P
) + -, À Yl .
) A::; E T (
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.4\ ' ' t — 1 » Y,/
X_v = ( X,:'iA % -X , . i  1 N : /  1 'J .
Y;-1AX= 1 .  _
YL = 7 .
Y ^ = ( Y M A X - Y M l N ) / i O .
C A L L  P L O T  ( 1 , X A I N , X M A X , X L , X J . Y / I N , Y Y A X , Y L , Y D )
\'< — Ci 0 ■> #
H L H = 4 . 0
AL  = 4 * 0 : 4 3  3 « 4 3  
ÜÛ 3  J =  i , 3 Y'
R E A D  1 ,  HT 
1 F O R M A T  C F 7 . 3 )  
r i - A L / H L r l
A A = ( 1 .  +  R ) 4  4  Y • 1 Cl 9  7  
a Z  = ( 1 • + HLi ' i  )
A 0 = 1 • 3 / Ao  
A Y = A Z 4 ü . 6 1 l 4  
A H = A Z 4 3  • 3 6  3  6  
A U = 1 . 0 / A Y  
A J = A W 4 5 . 8 3 3  
A F = H T / H
A Û = C 1 • -  A F  ) 4  A J 
H S = ( A A 4 A Ü 4 A Ü ) 4 H  
A G = H S / H
C A L L  P L O T  ( O ,  A F , A G )
3  C O N T I N U E
C A L L  P L O T  ( 9 7 )
1 1 1 1  C A L L  EX I T
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APPEHDIX I I  
DERIVATION OP THE RELEVANT EQUATIONS 
FOR THE FINITE ELEMENT ANALYSIS
The deve lo p m en t o f  th e  c o n t i n u i t y  e q u a t io n  fo llo w s  th e  w ork o f  





F ig u r e  A H y d r o s t a t i c  P r e s s u r e  and V e lo c i ty  C o n d it io n s  
a t  F o u r  F a c e s  o f  an  E lem en ta ry  S o i l  P rism  
C o n s id e r  an  e le m e n ta ry , p e rm e a b le  ro c k  p r is m , th e  volum e o f  w h ich
i s  dx dy d z .
Im ag in e  th e  p rism  e q u ip p e d  w ith  p ie z o m e tr ic  tu b e s  w hich  show th e  
h y d r o s t a t i c  p r e s s u r e  c o n d i t io n s  a t  t h e  f o u r  f a c e s  o f  th e  e le m e n ta ry  
s o i l  p r is m .
The q u a n t i t i e s
( I I . 1 . )
a r e  th e  h y d r a u l i c  g r a d i e n t s  i n  th e  X and Y d i r e c t i o n ,  r e s p e c t i v e l y .
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The t o t a l  amount o f  w a t e r  e n t e r i n g  t h e  e le m e n ta r y  p r i s m  th r o u g h  
i t s  two e n t r a n c e  f a c e s  p e r  u n i t  o f  t im e  i s  c a l c u l a t e d  by t h e  c o n v e n t ­
i o n a l  e q u a t io n  o f  Q = VA as
u dy  dz  + V d x  dz  ( I I . 2 . )
and  t h e  amount o f  w a te r  l e a v i n g  t h e  p r i s m  th r o u g h  i t s  e x i t  f a c e s  i s
u d y  dz  dx d y  dz  + v d x  d z  + dx  d y  d z  ( H . 5 . )
However, by t h e  p r i n c i p l e  o f  c o n t i n u i t y  o f  f lo w ,  t h e  amount o f  
w a t e r  l e a v i n g  t h e  e le m e n ta ry  p r i s m  o f  r o c k  m ust b e  e q u a l  to  t h e  
amount o f  w a te r  e n t e r i n g  i t  and t h e  l o s s  o f  f l u i d  i n  th e  p l a n e .  
T h e r e f o r e ,  t h e  c o n t i n u i t y  e q u a t i o n  i s
d x  dy  dz + “l y  dx d y  dz  = -q  dx dy d z  ( I I . 4 . )
o r
B ased  on t h e  L i n d q u i s t ' s  Law f o r  t u r b u l e n t  f lo w  t h e  f r i c t i o n  e q u a t io n  
i s
L e t  k = ' q J  Ip y w h ich  i s t h e  p e r m e a b i l i t y  t h e n
V = k i  ( I I . 7 . )
The two f lo w  v e l o c i t y  com ponen ts ,  U and V , c a n  be  w r i t t e n  a s  
f o l l o w s ;
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u = k i ,  = -  k - | - ^  ( I X .8 . )
T hen  th e  e q u a t io n  o f  m o tio n
b
b X  ^ 3 ^ "  q ( x , y )  = 0  (11. 10.)
A c c o rd in g  to  B erg  ( 2 8 ) ,  th e  E u le r  th e o re m  s t a t e s  t h a t  i f  t h e  
i n t e g r a l  o r  f u n c t i o n a l
X = J J f ( x . y . 0 . 4 f , i f ) d x d y
i s  to  b e  m in im iz e d , th e n  th e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n  f o r  
t h i s  minimum t o  b e  r e a c h e d  i s  t h a t  t h e  unknown f u n c t io n  
s h o u ld  s a t i s f y  th e  f o l lo w in g  d i f f e r e n t i a l  e q u a t io n .
w i th i n  th e  same r e g io n ,  p ro v id e d  jzf s a t i s f i e d  t h e  same b oundary  
c o n d i t io n s  i n  b o th  c a s e s .
Then th e  e q u iv a le n t  f o r m u la t io n  to  t h a t  o f  e q u a t io n  ( l )  i n  
a p p e n d ix  ( l l l ) i s  th e  re q u ire m e n t  t h a t  t h e  a r e a  i n t e g r a l  g iv e n  by 
e q u a t io n  (2 )  i n  a p p e n d ix  ( i l l )  and  ta k e n  o v e r  t h e  w hole r e g io n ,  sh o u ld  
b e  m in im ized  s u b je c t  to  ^  o b e y in g  th e  same b o u n d a ry  c o n d i t io n s .
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D e r iv a t io n  o f  th e  r e l e v a n t  c h a r a c t e r i s t i c s  o f  f i n i t e  e le m e n t 
m ethod  a r e  d e s c r ib e d  by Z ie n k ie w ic z  (2 2 )  and a r e  sum m arized h e r e .  
C o n s id e r  th e  c h a r a c t e r i s t i c s  o f  a  t r i a n g u l a r  e le m e n t
Y
x;
F ig u r e  B The C h a r a c t e r i s t i c s  o f  a  T r i a n g u la r  
E lem ent
F ig u re  (B) shows th e  t y p i c a l  t r i a n g u l a r  e le m e n t c o n s id e re d  w ith  
t h e  n o d es  i ,  j ,  k  num bered  i n  an a n t i - c lo c k w is e  o r d e r .
The p  w i th in  an  e le m e n t h a s  to  b e  u n iq u e ly  d e f in e d  by th e  
v a lu e s  o f  th e  t h r e e  n o d e s , i , e .
&
(1 1 .1 5 )
Assume th e  0  v a lu e s  can  be  r e p r e s e n te d  by th e  X, Y c o - o r d in a t e s  a s
0  = o < . + / 3 x + y y  ( 1 1 ,1 4 , )  
Then f o r  each  node  th u s  i t  w i l l  g iv e
01 = «  + |5x ;  ♦ y y ;  ( 1 1 .1 5 . )
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0 j =  ck + p x j * y y j ( 1 1 . 16 . )
+ yy . ( 1 1 .1 7 . )
S o lv in g  cA t  ^  and Y  i n  te rm s  o f  th e  n o d a l v a lu e s  0 .  , 0 .  ,  by
th e  m ethod o f  d e te rm in a n ts  and a r e  o b t a in  f i n a l l y
0  ^Oi*b,x*Ciy)^ . ^  + (ojf b3x + cjy)0 .^ 4 (o^4b,x+c^y)0^ (11.16.)
i n  w hich  O ;» XjX^ -  x_yj
b; = yj  - y^ = y^K
(1 1 -1 9 .)
( 1 1 . 20 .)
C; =X^ - . Xj  = X^ 3 (1 1 . 21 .)
and w here
2A  = d e t .
• X; y;
' Xj yj
I X K Vx
2 (area of triangle i . j .K ) ( n . 2 2 . )
L e t N;  = 0-, *  b ix  *  C;y2A N .=■» 2A
w -  0K+ bkXtCKyN k --------------— ----------
Then 0  can  be e x p re s s e d  i n  m a tr ix  form
0  = [ N i , N i , N „ ] |  0 i
0 .
( 1 1 .2 3 . )
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INTERNATIONAL ASSOCIATION FOR HYDRAULIC RESEARCH
NON-DARCY FLOW SOLVED BY FINITE ELEMENT ÆALYSIS
By J .  A. McCorquodale
A s s i s t a n t  P r o f e s s o r ,  D epartm ent o f  C i v i l  E n g in ee r in g  




R esearch  A s s i s t a n t  
U n iv e r s i t y  o f  W indsor, W indsor, Canada
SUMMARY:
The f i n i t e  e lem en t method i s  a p p l i e d  to  th e  s o l u t i o n  o f  non-Darcy flow 
w ith  a f r e e  s u r f a c e .  An e f f e c t i v e  h y d r a u l i c  c o n d u c t iv i t y  f o r  each  e lem ent i s  
d e f in e d  i n  te rm s o f  th e  b e s t  a v a i l a b l e  s o l u t i o n  o f  th e  system . The in t r o d u c t i o n  
o f  th e  e f f e c t i v e  c o n d u c t i v i t y  l i n e a r i z e s  t h e  system  o f  s im u l tan e o u s  e q u a t io n s  
th u s  making i t  p o s s i b l e  to  o b ta in  a b e t t e r  s o l u t i o n .  A t h e o r e t i c a l  s o l u t i o n  i s  
compared w ith  e x p e r im e n ta l  r e s u l t s  f o r  f low  th ro u g h  a  r e c t a n g u l a r  s e c t i o n .
r£ suMiT:
La methods des e lem en ts  f i n i s  e s t  a p p l iq u é e  a  r é s o u d re  l 'é c o u le m e n t  qu i  
ne repond pas  a  l a  l o i  de Darcy e t  q u i  a une s u r f a c e  l i b r e .  Une c o n d u c t iv i t é '  
h y d ra u l iq u e  e f f e c t i v e  e s t  d e f in e e ,  pour chaque e lem en t ,  p a r  une f o n c t io n  de l a  
m e i l l e u r e  s o l u t i o n  d i s p o n ib l e  du sy stèm e . L ' i n t r o d u c t i o n  de l a  c o n d u c t i v i t é  
e f f e c t i v e  f a i t  l e s  e q u a t io n s  s im u l ta n é e s ,  l i n é a i r e s ;  donc une m e i l l e u r e  s o l u t i o n  
e s t  p o s s i b l e .  Une s o l u t i o n  th é o r iq u e  e s t  comparée avec l e s  r é s u l t a t s  e x p é r im e n ta is  
pour l 'é c o u le m e n t  dans une s e c t i o n  r e c t i l i g n e .
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NON-DARCY FLOW SOLVED BY FINITE ELEMENT ANALYSIS
1. INTRODUCTION
The f i n i t e  element method was o r i g i n a l l y  developed  f o r  s t r u c t u r a l  a n a ly s i s  
b u t  has p roven  u s e f u l  i n  many continuum m echanics p rob lem s. Z ienk iew icz  and Cheung 
[1] have d i s c u s s e d  th e  a p p l i c a t i o n  of t h i s  method to  th e  s o l u t i o n  of d i f f e r e n t i a l  
e q u a t io n s  of th e  ty p e :
-  - ( 1)
Z ie n k ie w ic z ,  Mayer and Cheung [2] used th e  f i n i t e  elem ent method to  so lv e  
problem s w ith  a n i s o t r o p i c  seep ag e .  F in n [3 ]  and T ay lo r  and Bro™ [4] a p p l ie d  the  
method to  f r e e  s u r f a c e  Darcy f low .
The f i n i t e  element method in v o lv e s  e x p re s s in g  e q u a t io n  (1) as  a f u n c t i o n a l
X = I J J  [ k  +  k ]  d x d y + J  q 0 d s
 (2)
and then  d e te rm in in g  th e  v a lu e s  o f  which m inim ize %  s u b je c t  to  c e r t a i n  boundary 
c o n d i t io n s .  To accom plish  t h i s ,  th e  flow  f i e l d  i s  d iv id e d  i n t o  a number o f  f i n i t e  
e le m e n ts ,  u s u a l l y  t r i a n g l e s ,  c h a r a c te r i z e d  by t h e i r  c o o rd in a te s  and n oda l v a lu e s  of 
The m in im iz a t io n  i s  o b ta in ed  by d i f f e r e n t i a t i n g '^ y b y  each o f  th e  unknown noda l 
«5's and summing over a l l  th e  e lem en ts .  This  g iv e s  r i s e  to  a s e t  of s im u ltaneous
e q u a t io n s  which can be so lv ed  to  o b ta in  th e  unknomi v a lu e s  of i>.
I n  seepage  problems K r e p r e s e n t s  th e  h y d r a u l i c  c o n d u c t iv i t y ,  {5 i s  th e
p ie z o m e t r ic  head and q i s  th e  seepage pe r  u n i t  l e n g th  o f  th e  boundary. I f  K i s
c o n s ta n t  Darcy flow  i s  o b ta in ed  and th e  m in im iz a t io n  o f  %  y i e ld s  a  system of l i n e a r  
s im u ltan eo u s  e q u a t io n s  i n  <h.
F or non-Darcy f low , K i s  a f u n c t io n  o f  th e  v e l o c i t y  v ,  f o r  example 
L i n d q u i s t ' s  law g iv e s ,
1 where a and b a r e  c o n s ta n t s .
^  "  a  + bv  . . . ( 3 )
1 . Z ie n k ie w ic z ,  0 . C. and Cheung, Y. K . , " F i n i t e  E lem ents in  th e  S o lu t io n  o f  F ie ld
P rob lem s, The E n g in e e r , Septem ber, 1965.
2 . Z ie n k ie w ic z ,  0 . C. ,  Meyer, P . ,  and Cheung, Y. K . ,  " S o lu t io n  o f  A n is o t ro p ic
Seepage by F i n i t e  E lem en ts" ,  J o u r n a l  o f  E n g in ee r in g  Mechanics D iv is io n ,
ASCE, V ol. 92, No. EMI, P ro c .  Paper 4676, F e b ru a ry ,  1966.
3 . F in n ,  W. D. Liam, " F i n i t e  Element A n a ly s is  of Seepage through  Dam", J o u rn a l  of
S o i l  M echanics D iv is io n ,  ASCE, Vol. 93, No. SM5, P ro c .  Paper 5552,November,1967.
4. T a y lo r ,  R. L . , and Brown, C. B. ,  "Darcy Flow S o lu t io n  w ith  a F ree  S u r f a c e " , J o u rn a l
of H y d ra u l ic  D iv is io n ,  ASCE, V ol. 93 , No. HY2, P ro c .  P aper  5126, March, 1957.
— 1 —
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When K i s  a f u n c t io n  of v , e q u a t io n  (1) i s  n o n - l i n e a r  and th e  m in im iz a t io n  of 
eq u a t io n  (2) y i e l d s  a  system o f  n o n - l i n e a r  s im u ltan e o u s  e q u a t io n s .  T h is  paper  i s  
concerned  w ith  the  fo rm a t io n  and s o l u t i o n  of th e s e  n o n - l i n e a r  s im u ltan eo u s  e q u a t io n s .
2 . THE EQUATIONS FOR NON-DARCY FLOW
Using L i n d q u i s t ' s  Law, e q u a t io n  (2) can be w r i t t e n
J k  ( v )  [  + (Iff ]  d  X d y  -  q  0 d  s
1
................... (4)
Now l e t  us choose t r i a n g u l a r  e lem en ts  and assume t h a t  th e  g r a d i e n t  of i s  
c o n s ta n t  over each e lem en t .  Thus th e  v e l o c i t y  and K(v) a r e  c o n s ta n t  w i th in  each 
e lem en t .  The c o n t r i b u t i o n  to  th e  f u n c t i o n a l  o f  one e lem ent i s
( 4 | - f  +  ( - f y f  ] d x d y + f q d d s
(5)
The m in im iza t io n  of 3(, over  th e  whole flow  f i e l d  i s  g iv e n  by
4 | ; = E t ^  =  o
(6)
where i  = 1 t o  m
and m i s  th e  number of unknown n o d a l  j5 's .  
D i f f e r e n t i a t i n g  e q u a t io n  (5) g iv e s
I ^ k ( v )  f  f  / b 0 \ 2
(7)
-  2 -
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From e q u a t io n  (3)
and from




' '  X
V , = - k i f
v-(-WbW)/ïïïf^
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and e q u a t io n  (7) becomes
e  , r 2
125
'S
^ X | / [ i l 4 ( i 4 - ) ^ i 4 ^ ( i | ) ] d x d y
Since
3  0 . J  q 0 d
(11)
0 = [ N , . N . , N J
r 0 | \
0
where
-  [ (  ' ' j  X x / j  )  -  ( y ,  -  Y u )  X +  ( X | j -  Xj  )  y ] y / ^ ^
=  ( a , 4 - b |  x - c , y | y / ^
where A  i s  th e  a r e a  o f  th e  t r i a n g u l a r  e lem en t ,  and i ,  j  and k a r e  th e  v e r t i c e s  of 
th e  e lem en t ,  e q u a t io n  (11) becomes
.  k f , k b r I v 0 l ^  1 2 ) 
» Pi 4 ^ 1  ' 2  La2 + 4 b l v 0 | J  ]





where i s  th e  c o n t r i b u t i o n  of boundary seepage  from one e lem ent to  n ode  i .
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Now we must sum t h i s  over a l l  th e  e lem en ts  and a l l  th e  nodes as  in d i c a te d  
by e q u a t io n  (6 ) ;
where [S^^] i s  th e  ' s t i f f n e s s ' "  m a t r ix .   (13)'
3 .  NUMERICAL SOLUTION 
S ince
k b /  | V 0 | 2  \ 2
2  \  o ^  +  4 b l v 0 | /
i s  sm a l l  compared to  u n i ty  i t s  in f lu e n c e  on th e  s o l u t i o n  i s  a l s o  s m a l l .  T h e re fo re  
i n  s o lv in g  (13) th e  term
L
was approx im ated  from th e  p rece d in g  s o l u t i o n  f o r  (6 thus  l i n e a r i z i n g  th e  system  of 
e q u a t io n s  which can be so lv ed  f o r  a  b e t t e r  e s t im a te  i  and th u s  a b e t t e r  e s t im a te  
o f  k ( d ) .  T h is  p rocedu re  i s  r e p e a te d  u n t i l  i  i s  o b ta in ed  to  th e  r e q u i r e d  acc u racy .
The method d e sc r ib e d  above was a p p l i e d  to  flow th rough  th e  r e c t a n g u la r  
r o c k f i l l  s e c t io n  as  shovm in  f i g u r e s  1 and 2. An approxim ate  s o l u t i o n  f o r  é was 
r e q u i r e d  to  s t a r t  th e  s o l u t i o n ;  t h i s  was o b ta in e d  by assuming Darcy f lo w , from 
which k (^ )  could  be c a l c u la te d  f o r  each  e lem en t .  k(d) was then  t r e a t e d  as an 
e f f e c t i v e  c o n d u c t iv i ty  f o r  each e lem ent and th e  system Ehen so lved  f o r  a  b e t t e r  
ap p ro x im a tio n  of {5.
The p o s i t i o n  o f  the  f r e e  s u r f a c e  was found by s u c c e s s iv e  app ro x im atio n  u n t i l  
t h e  boundary c o n d i t io n s
( I s  -  y  s
and
were s a t i s f i e d .  The i n i t i a l  assumed p o s i t i o n  f o r  th e  f r e e  s u r f a c e  i s  showm in  
f i g u r e  1.
An e x t r a p o la t e d  Liebmann method was used  to  so lv e  th e  s im u ltan eo u s  e q u a t io n s .  
The r e s u l t i n g  s o lu t i o n  o b ta in ed  on an IBM 360/40 computer i s  compared w ith  an
— 5 —
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e x p e r im e n ta l  s tu d y  in  f i g u r e  2 . D e s p i te  t h e  n o n - l i n e a r i t y  o f  system , th e  s o l u t i o n  
converges  w i th  ab o u t t h r e e  t im e s  th e  e f f o r t  r e q u i r e d  f o r  Darcy flow .
ACKNOWLEDGEMENT :
The a u th o r s  g r a t e f u l l y  acknowledge th e  f i n a n c i a l  a s s i s t a n c e  o f  th e  
N a t io n a l  R esea rch  C ounc il  o f  Canada. The a p p l i c a t i o n  o f  th e  f i n i t e  e lem en t method 
t o  th e  s o l u t i o n  o f  n o n - i i n e a r  f low  prob lem s forms p a r t  o f  th e  s e n io r  a u t h o r ' s  
Ph.D. d i s s e r t a t i o n .
—  6










/  \ =  /  \  >  /  \  ^
(VJ
C\J
'LUO 9 - 9 6









Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
130
CAPTIONS
F ig u re  1. D e f i n i t i o n  o f  n odes ,  e lem en ts  and assumed f r e e  s u r f a c e .
D e f in i t i o n  des  noeuds , d e s  é lém en ts  e t  du p r o f i l  assumé^de l a  s u r f a c e  
l i b r e .
F ig u re  2. Comparison o f  e x p e r im e n ta l  w i th  t h e o r e t i c a l  r e s u l t s .
Comparaison des r é s u l t a t s  expérim entaux  avec l e s  r é s u l t a t s  th é o r iq u e s .
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APPENDIX IT  
THE EXTRAPOLATED LIEBMANN METHOD
The e x t r a p o l a t e d  L iebm ann m ethod (2 6 ,2 7 )  i s  a l s o  known a s  th e  
' E x t r a p o la t e d  G a u s s -S e id e l ' and  ’ s u c c e s s iv e  o v e r r e l a x a t i o n ’ m ethod 
w h ich  i s  one  o f  th e  m ost p o w e rfu l and s im p le s t  w ays to  im prove th e  
c o n v e rg e n c e  o f  an  i t e r a t i o n  s o lu t i o n  o f  l i n e a r  s im u lta n e o u s  e q u a t io n s .
The m ethod  can  be  w r i t t e n  i n  th e  form
Unew=<^Ul. + (l -tO)Uold
w h ere  Uj. i s  th e  v a lu e  c a l c u l a t e d  by t h e  L iebm ann o r  th e  G a u s s -S e id e l 
m e th o d . The p a ra m e te r  CO i s  known a s  th e  r e l a x a t i o n  p a ra m e te r  and 
f o r  o v e r r e l a x a t i o n  th e  v a lu e  o f  cO  l i e s  b e tw een  1 and  2 . Any optimum 
v a lu e  o f  cO can  be  u s e d  b u t  i f  th e  r i g h t  one i s  c h o o sen  th e  r a p i d e s t  
co n v e rg e n c e  w i l l  be o b ta in e d .
The se q u e n c e  o f  s t e p s  i n  th e  s o l u t i o n  i s  d e s c r ib e d  below ;
A. Assume a  v a lu e  f o r  cO w hich  i s  b e tw een  1 an d  2.
B. A ss ig n  a s  i n i t i a l  v a lu e s  f o r  eac h  unknown.
C. P e rfo rm  th e  s t e p s  f o r  G a u s s -S e id e l  m e th o d .
D. I f  th e  r a t e  o f  co n v e rg e n c e  i s  v e ry  s lo w , a  new v a lu e  f o r  cO 
s h o u ld  b e  t r i e d  t o  sp e e d  up th e  c o n v e rg e n c e .
E . C o n tin u e  i t e r a t i n g  u n t i l  th e  v a lu e  o f  e a c h  unknown d e t e r -
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m ined  i n  a  p a r t i c u l a r  i t e r a t i o n  d i f f e r s  from  i t s  r e s p e c t iv e  v a lu e  
o b ta in e d  i n  th e  p r e c e d in g  i t e r a t i o n  by an amount l e s s  th a n  some 
a r b i t r a r i l y  s e l e c t e d  e p s i l o n .  The p ro c e d u re  i s  th e n  co m p le te .
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I. DIMENSIONS  
2.READ STATEMENT/
I
1 LL = 1 1é





LN = LN-» I IE = lESCLN)
VALUE
E = I E + I




A ( I N . I T ) ,  W (IN )
Fig. C The Flow Chart for the 
Finite  Element Analysis
SOLVE FOR 0 ( I N )
D2= 0  0 IN=INS(LS)
P2= PHl(lN)-Y(IN)Y ( IN )
Y ( IN )= -^ (Y ( IN ) *P H I ( I  N) 
P H I( IN )  = Y ( IN )
PRINT OUT 
0 ( I N ) ,  Y (IN )
I
(~ S T 0 P )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
136
J'  î 3  I ON P r i  i X ( Z o )  » X ( 4  (.■ ) ,  Y ( 4 w )  , P M  I ( 3  J )
Û 1.3L- i-J .3 Î Ü N  r,KL_ ,A ( ;j ) « 1 ( 3  ■ - )  ^ J  ( 3  -  ) i .< ( :  ^0  ) ■ V ( o  ■ j ) t u  I ( :j 3  ) ? P  *
J I 3 l. . 3 :j  ! - _; ( :3‘„' ) « C K  ( 3 ^ )  i C ( 31 _ ) i I 3  ( :-ju ) i I M._; ( 3 o  )
J  I ;rj Ï ‘3 N ^  ( 3  i .3'0 ) i i.'- ( 9 ic ) » V, C _;-3 )  ^ ( 3 0  )
O I . ' 4CNS I O.N À P 3 T  ( 3 ^ ;  ) ,  ÜX ( )
P P I M T  3 3  
3 8  F 0 R 3 A T  ( 1 3 H Æ H U N G - C H L L  N O )
: F O R ^  S T I F F N E S S  N A T P I X
0 0 7  F O R M A T  ( 2 1 3 )
R 3 A 3  1 1 1 1 ,  T z U  
1 1 1 1  F O R M A T  ( F 5 . 1 ) 
r e a l  3 3 ,  A l , o l  
3 3  F O R i - lA T  ( 2 F 3 . Z N
31 c_ ' A 3  3  'D .3  ,  I—L 1 , ,  |\jM , j -1 i_) ,  i\L.‘ , .  ' i L_ , Lt' 'i7 , i_ I T , i-i r
0 0 3  F O R M A T  ( 9 1 7 )
R E A D  1 1 2 2 ,  a L T , T O L , A L  
1 1 2 2  F O R M A T  ( 3 F 6 . 2 )
R E A D  3 0 ,  ( I ( 1 E  ) , J  ( I E ) ,  K ( I L  ) ,  I E =  1 , .Au )
3 0  F O R M A T  ( I 3 , 3 X , I 3 , 3 X , I 3 )
R E A D  3 1 ,  ( 1 E 3 C  I 3 )  . I E = 1 , L N T )
R E A D  3  1 ,  ( i M u ( 1 M ) ,  I M = 1 , L 1 T )
3 1  F O R M A T  ( 1 3 )
R E A D  3 2 ,  ( X ( 1 N ) , Y ( I N ) . P H I ( I N ) , I N = 1 , M T )
3 2  F O R M A T  ( 3 F 7 . 2 )
R E A D  3 D v ,  O M E G A , E P S
3 Ü U  F O R M A T  ( 2 F 8 . 3 )
S O U  R E A D  a i l ,  X ( 1 9 ) , Y ( 1 9 ) , P H 1 ( 1 9 )
8 1  1 F O R M A T  ( 3 F 7 . 2 )
L L  1 = 1 
2 0 Ô J  I E = 1
3 0 1R = I ( IE )
J R = J ( I F )
X R = K ( I E )
: I ( l R ) = Y ( J R ) - Y ( X R )
: ( I P ) = X ( J R ) - X ( K R )
3 I ( J ^ ) = Y ( K R ) - Y ( I R )
G ( 3 R ) = X ( < R ) - X ( I R )
3 ! ( < R ) = Y ( I ^ ) - Y ( J R )
C ( R R ) = X ( I R ) - X ( J R )
'A'-rL. I ( 1 L-. } —X ( -J < ) A C V ( )A H  ) ~  Y  ( i !\. ) ) — X ( . 3* : ) -A ( X ( 3  .-A ) — Y  ( i  r l  ) ) — 
1 X ( I R ) * ( Y ( X R ) - Y ( J P ) )
1 R = ! ( 1 3 )
I R T =  1 
1 A.T= i
J. I ..--'-X'X ! I  .-X T « 1 . _ j  I , ( ; •< ) A-.,; ! C I  .  .  ,  ( % J  ) i>A_ . ( i _  }
TD ( 1 1 , 1 U , 1 V. 3 , i , 1 • 1 . ;j ) , ..._i
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r I
u u t u _
GO TO 3  1
1:2 ù8POC(IST, iRT,IE)=DOPCC(iRT, [GT,IE)
1 0 = K ( I E )
I S T  = 3  
I  S  =  . <  {  I > £  )
GO TO 52
1 0 3  d O P O C  ( I u T  , i P T  , i u  ) = u i  ' .Pu:_ ( i P T  , 1 S T ,  1 3 )
1S=J(15)
I P = J ( I E )
I PT = 2
1:4 1S=K(IE)
I S T  = 3
■ GO TO 5  2
1:5 58RCG(IST,1RT,IE)=PÉPG5(1PT, IST, I3)
I P = K ( I 3 )
1 P T = 3
i . ;6 1 F  ( L L  1 -  1 ) 5 0 , 5 3 ,  5  4
I F ( I 3 - M E )  5 > ; , 5 J , 5 5
54 IF(LN-LNT) 5 6 » 5 5 » 5 5  




FOR, -1 M ü ,4 -  L I i'J LAN COÜFr IC3NT 
O u  _ j — A-\ 1 3  C 3  * “A o  i )
0  : = u  .  S J  1
0  - J 2  = 5 1 / 2 , u 
2 9 1  1 3 = 1
1 i H= I f ï Z )
J 9  = v. ( I L )
<R = :<(  1 2  1
3 I ( 1 R 1 = Y ( J R ) - Y ( 2 R )
C ( I R ) = X ( J R ) - X ( < R )
3 ! ( J R ) = Y ( < - ) - Y ( l R )
X : ( 2 R ) = Y ( I R ) - Y ( J R )
C ( 3 P ) = X ( 1 R ) - X ( J R )
G R A 0 X  = 3  i ( I R ) A P H  1 ( 1 P  1 P u  1 ( J R  1 X-P,-i : ( J R  1 +. , 1 ( <R  ) 1 ( )
. ; R 4 j Y  = c  ( ! R ) 4-PH 1 ( 1 ( J P  ) XR3  : ( J  < ) 4-_ ( L R ) I ( X P  )
0' ( I F  1 - 0  X- ( - . U R T  ( 1 .  .. 4 Xv ,R , ' 3 / uAA  ) -  1 .  )
( 1 .  L /  ( \  1 -L < 1 '-V ( 1 3 ) 1  )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
138
J X  (  I  L )  -  r u . ; . .  (
:  <  (  i  (  I .  )
V; ( ! : 'i ) - ; »
DO X':
■ i ■' >'' (  ! ■ , Î : • ) ~ .
1 A. — 1
" ' ( i T , : : A ) -r ■ r ' u  3  ( i . - T • I : ; ! • i _  ) , A (
A- L , i 't.Z )
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GC TO 4 1 
147 CONTINUE
SOLVE FOR PNl ( l N)
ITEP- 1 
0 0  1 >
70 30 ( I N ) = OMEUA\/A ( IN» IN)
.3 1 T = ( 1 . 0-0MEÜA )
7 1 ITEP=ITEP+1
iO 1 -  u  .  0
I i -1 = 1
72 EX=u.J 
I T= 1
I F ( 0 ( 1 !■! ) —O • ) 73 » 74 1 7o
73 EX=U(IN)
74 IF ( I T - I N ) 73»2 7 6 , 7 5  
276 I F ( IT-MA ) 7G» 7 9 , 7 0
76 IT=IT+1
I F ( A( IN, IT) - u . u ) 7 5 , 7 4 , 7 6
75 EX=EX-A(IN,IT)4PHI(IT)
202 IF ( I T- MA) 7 0 , 7 9 , 7 9  
73 IT=iT+l
IF ( A( IN, IT) - 0 . u ) 7 4 , 2 0 2 , 7 4  
79 EX = 13 0 (IN) AEX + Û I T*PH I (IN)
1 F ( AoS( PH I ( 1N) - EX)- u 1 3 S u , 8 0 , 3 1  
0 1 Ü1=A3S( PH I ( 1N)- EX)
Ou PHI(IN)=EX
IF( IN-MA ) 3 2 , 0 3 , 3 3
32 IN=IN+1 
GO TO 72
33 I F( D1 - EP3 ) 3 4 , 8 4 , 7 1
84 PP I NT 35» ( PH I ( I M ) » I N= 1 , 1/; A )
0 5  FORMAT ( lH. »4HPHl =FIu. 3)
SOLVE FOP Y(1N)
ALT=ALTÜAL
IF(ALT-J. u)  291 , 2 9 1 » 4 uu
UO 4u3 L5=1»LIT
203 1N=IN0(LS)
IF ( A3 3 ( P Hi ( l N) + T4 u - Y( l N) ) - 5 2 ) 4 0 2 » 4 0 ô » 4  
Au 1 02 = AO,3 ( Pri 1 ( 1 N ) -i-TLO-Y ( IN) )
A02 Y C I N ) =Pi i : ( i r-i ) +T.OL 
PH 1 ( I :0 ) = V ( I N ) -  TAG 
4 35 CONT T:\IUE
•4 4 I r ( L I — T O L ) - S , -0 >-■ ■ • u ,  ^... u ..
4 ..a; PPINT u4 0 , ( uX C I u ) , I E= 1 , .'11. )
4  V' t“ u  '0.  ■ I -,  ! ( 1 .‘1 / 1 3 /v C i i— ) — f” 1 o  ® 1 u  3
40u PP 1 NT 4 .,7 , ( Pi-i I ( 1 N ) , Y ( I rN , I X= 1 ' )
.,7 F OP 7. A r ( 1 H,... , Oi-tPH I ( I 4.' ) = A 1 0 . 3 , 1 HO , 6HY ( IN)
N-." ■_) 1 ■
■S i 0-^
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4  .
U  # U V352 . 0 1 0 3
1 1 3
1 .  u •-D 0
2  5 3 1 3
2  5 26 I 3
26 1 2 1 3
26 2  7 1 2
2 7 7 1 2
27 2 3 7
2  3 6 7
29 5
1 6
1 3 1 u 1 7
i 3 1 4 1 7
1 3 1 2 1 4
1 1 1 4
1 2 7 1 1





i 7 14 1 6
i  4 1 3 1 6
i 4 1 1 i 5
1 1 1 1 3







2  3 '4
4
^  1
2  1 1
1 U 2  1 2 uù
1 u 1 5
1 Ô 1 -J
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9,, J \J o o'O 7-.J
3 3 2 0 ij 0 0 1 6 6 7
1 0 5 3 o u  0 7 uu
1 05 1 3 3 3 7
3 3 2 0 1 5 24 17
1 3 05 31 26
90 3 6 1 82
3 3 2 0 30 4 3 18 24
1 03 5 u' 66 8 34
1 05 5 0 3 9 9 9 1 o':
3 3 4 5 7 2 2w 84
5 0 5 4 1 5 36 4 7
9 u> 7 2 2 0 4u 12
3 3 2 0 6o 9 6 26
i 05 5 0 5 3 3 2 14 5 9
1 05 5 0 5 3 8 0 2 1 30
33 2 0 74 45 25 4 0
5 0 9 0 3 4 6 7 4u 1 7
1 2 1 9 2 4 5 5 0 1 3 o
1 2 1 92 44 ■5 0 oo
1 21 9 0 3 3 4 8 J '.J 0
1 2 1 9o 3 5 o 0 U
1 21 1 1 1 .3 o oo
1 2 1 9 0 o J  0 u O
0 0 J 9 6 60 52 1 U
0 0 -J 72 4 5 52 1 0
0 Ù o 43 3 0 52 1 O
0 . J 0 2 4 1 5 5 2 1 o
0 0 3 ■) 0 0 1 0
1 7 5 .  05
1 2 1 92 4 5 5 0 1 J  .V
1 2 1 92 5 0 4 00
1 2 1 92 5 I 5 0 7
121 ' J Ù 5 o 1 1
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NOMENCLATURE
D im en sio n s a r e  g i v e n  i n  te rm s  o f  m ass (m ), l e n g th  (L ) and 
t im e  ( T ) ,
• Do F a c to r  o f  d i s p e r s io n
d D ia m e te r  o f  g r a in  L
D D ia m e te r  o f  bed  tu b e  L
d ; The s u r f a c e  mean d ia m e te r  L
E Dry p o r o s i t y
Ey D r a in a b le  p o r o s i t y
e The h e i g h t  o f  t h e  s u r f a c e  ro u g h ­
n e s s  o f  t h e  p o re s
F F o rc e  p e r  u n i t  m ass L/T^
g G r a v i t a t i o n a l  a c c e l e r a t i o n  L/T^
H U p stream  w a te r  l e v e l  L
Ho The d i f f e r e n c e  o f  h y d r a u l i c  h ead
a c r o s s  th e  bed  L
K D ow nstream  w a te r  l e v e l  L
hs S eepage  h e i g h t  1
i H y d ra u l ic  g r a d i e n t
K P e r m e a b i l i ty  L/T
k D im e n s io n le s s  c o n s ta n t  t h a t
d ep en d s  on  th e  sh ap e  o f  th e  c r o s s  
s e c t i o n  o f  f lo w

























L en g th  o f  th e  s e c t i o n  
G eom etric  mean
A c o n s ta n t  o f  th e  p o ro u s  medium 
Number o f  g r a in s  
U n it v e c t o r  
P r e s s u r e
P r e s s u r e  d i f f e r e n c e
Plow r a t e
R a te  o f  seep ag e
R ey n o ld s  num ber
C o r r e l a t i o n  c o e f f i c i e n t
S u r fa c e  p e r  u n i t  v o l .  o f  p o ro u s  
medium
S p e c i f i c  s u r f a c e  
Time
T o r tu o s i ty
The d i s t r i b u t i o n  o f  th e  g r a in
L o ca l v e l o c i t y  v e c t o r
M acro sco p ic  v e l o c i t y
V e lo c i ty  com ponent i n  th e  % 
d i r e c t i o n
V e lo c i ty  com ponent i n  th e  y 
d i r e c t i o n
Volume o f  w a te r
T o ta l  volum e



































Volume o f  e x c e ss  w a te r  d ra in e d  
o u t  l5
Volume o f  w a te r  r e t a i n e d
C o -o rd in a te  i n  th e  x d i r e c t i o n  L
A verage c o - o r d in a te  i n  th e  x 
d i r e c t i o n  L
C o - o r d in a te  i n  th e  y d i r e c t i o n  L
The sh ap e  o f  th e  p a r t i c l e
B la c k 's  g roup
The p o re  d ia m e te r  L
The a n g le  hetvreen  th e  v e l o c i t y  
v e c t o r  and  th e  % a x i s
Dynamic v i s c o s i t y
K in e m a tic  v i s c o s i t y
D e n s ity
The g e o m e tr ic  s ta n d a r d  d e v i a t io n  
P ie z o m e te r ic  h e a d  L
P a r t i c l e  sh ap e  f a c t o r  
A f u n c t i o n a l
S tream  f u n c t io n  L ^ / î
P r o b a b i l i t y  d e n s i ty  
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APPENDIX T i l l  
SOURGiS OF ERRORS IN THIS STUDY
1 . One D im e n s io n a l Case
A. The e r r o r s  t h a t  m ig h t o c c u r  i n  th e  d e te r m in a t io n  o f  flo w  
r a t e  and  h e a d  l o s s e s  f o r  th e  f r i c t i o n  t e s t s  a re  a s  f o l lo w s ;
a . The m in o r le a k a g e  b e tw een  th e  s id e  o f  th e  tu b e  and th e  
w a l l  o f  t h e  f lu m e ,
b . The v e n t u r i  m e te r  was r e a d  to  i  0 .2 5  U .S . g a l lo n /m in u te .
c .  M anom eter was r e a d  up to  i  0 .5  mm.
d . The o r i e n t a t i o n  o f  th e  c ru s h e d  ro c k  a ro u n d  th e  e n t r a n c e  
o f  th e  p ie z o m e te r s  a t  th e  w a l l  c o u ld  a f f e c t  th e  l o c a l  p r e s s u r e .
B. The e r r o r s  t h a t  m ig h t o c c u r  i n  m e a su r in g  ro c k  w e ig h ts  and
v o lu m es  a r e  a s  f o l lo w s ;
a .  The b a la n c e  was r e a d  to  t  0 .0 0 5  gram ,
b . The c y l in d e r  w as r e a d  to  i  0 .0 5  c , c .
c .  The w a te r  a d h e re s  on th e  c y l i n d e r  w ould  c a u se  a  sm a ll
e r r o r  i n  t h e  volum e m e a rsû re m e n ts ,
0 . The e r r o r s  t h a t  m ig h t o c c u r  i n  m e a su r in g  p o r o s i t i e s  a r e  as 
f o l lo w s ;
a . The volum e r e a d in g s  w ere  a c c u r a te  up to  i  0 ,5  c . c .
b .  The d e g re e  o f  co m p ac tio n  w as d i f f i c u l t  to  c o n t r o l .
c .  The w a te r  a d h e r in g  to  th e  m e a su r in g  c o n ta in e r s  w ould
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cau se  a  sm all e r r o r ,
d . The v a r i a b i l i t y  i n  th e  m o is tu r e  r e t a i n e d  by th e
p a r t i c l e s  a f t e r  d r a in a g e ,
2 , Two D im e n sio n a l Case
A. The f o l lo w in g  e r r o r s  c o u ld  o c c u r  i n  th e  d e te r m in a t io n  o f
th e  seep ag e  h e ig h t  e q u a t io n :
a . The p r e c i s i o n  o f  th e  s c a le  r e a d in g s  f o r  d i f f e r e n t  
h e i g h t s  was i  0 .5  mm.
b . The c a l i b r a t i o n  e r r o r  f o r  th e  v e n tu r im e te r  i s  a p p ro ­
x im a te ly  o f  2^.
c . The v e n tu r im e te r  co u ld  o n ly  be  r e a d  to  ± 0 .2 5  U .S . 
g a l lo n /m in u te  w h ich  c o u ld  c a u se  l a r g e  r e l a t i v e  e r r o r s  i n  th e  low 
flo w  d a ta ,
d . The l i m i t e d  ra n g e  o f  d a t a  (R 810 to  2900, h /H  0 .2 2  to  
0 .6 5 ,  l/H  1 .4  to  3 .2 ,  h s /H  0 .0 2 3  to  0 .2 1 ) .
B. The e r r o r s  t h a t  m ig h t happen  in  th e  s o l u t i o n  and e x p e r im e n ta l  
v e r i f i c a t i o n  o f  th e  f i n i t e  e lem en t m ethod  a r e  a s  f o l lo w s :
a . The ro u n d  o f f  e r r o r s  i n  th e  co m p u ter.
b . The EPS = 0 .0 5  cm. i n  th e  i n t e r a t i o n  f o r  s o lv in g  th e
s e t  o f  s im u lta n e o u s  e q u a t io n s ,
c . The TOL = 0 ,0 5  cm, a s  th e  l i m i t  f o r  th e  co m p ariso n  o f
th e  p ie z o m e t r ic s  h e a d  to  t h e  p o t e n t i a l  h e a d s  i n  th e  d e te r m in a t io n
o f  th e  l o c a t i o n  o f  th e  f r e e  s u r f a c e ,
d . . V e lo c i ty  h ead  and  th e  e f f e c t  o f  th e  co n v e rg e n ce  o f  
m a c ro sc o p ic  s t r e a m l in e  a re  n e g le c te d .
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e .  P r o f .  M oC orquodale fo u n d  t h a t  th e  f u n c t i o n a l  e q u a t io n  
c a n n o t be  re d u c e d  by th e  E u le r -L a g ra n g e  e q u a t io n  to  th e  o r i g i o n a l  
p a r t i a l  d i f f e r e n t i a l  e q u a t io n  b u t w i th  an  a d d i t i o n a l  v e r y  sm a ll 
te rm  ^  (K , ) i s  in t r o d u c e d .  T h is  te rm  v a n is h e d  i n  la m in a r
and f u l l y  t u r b u l e n t  c a s e  b u t  n o t  i n  th e  t r a n s i t i o n a l  c a s e ,
g . M anom eter r e a d in g s  w ere r e a d  to  i  0 .5  mm,
h .  S c a le  r e a d in g s  f o r  f r e e  s u r f a c e  w ere r e a d  to  2 0 ,5  mm.
3 . O bserved  S c a t t e r
A. F ig . 6 s = 0 .0 0 2  X 0 .2 2  = 0.00044 s e c . /c m .
B. F ig . 7 s = 0 .0 0 2  X 0 ,2 2  = 0 .0 0 0 4 4  s e c , /c m .
C. F ig . 8 s = 0 .0 0 4  X 0 .2 2  = 0 .0 0 0 8 8  s e c . /c m .
D. F ig . 9 s = 0 ,0 0 3  X 0 ,2 5  = 0 .0 0 0 7 5  s e c . /c m .
E, F ig . 10 s = 0 .0 0 5  X 0 .2 2  = 0 .0 0 1 1  s e c . /c m .
F . F ig . 11 s = 3 X 0 .1 9  = 0 .5 7
G. F ig . 12 s = 3 X 0 .1 9  = 0 .5 7
H. F ig . 13 Range o f  d ry  p o r o s i t y  i s  0 .4 3 2  to  0 .4 6 5 .
I . F ig . 14 Range o f  d r a in a b le  p o r o s i ty  i s  0 .4 2 6  to  0 ,4 5
4. M easurem ent E r r o r s
A. P o s s i b l e  E r r o r s  i n  th e  R e a d in g s ;
a , i  = ± 0 ,5  mm, o u t  o f  a  minimum o f  1 0 .0  mm.
b . Q = 2 0 .2 5  TJ. S, G. P.M. o u t  o f  a  minimum o f  20 TJ. 3 ,G . P.M. 
T h e re fo re  th e  maximum p o s s i b l e  r e l a t i v e  e r r o r  due to  r e a d in g s
i n  ( - i )  i s
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( X 100 = 6 . 25/ .
w h ich  i s  c o n s i s t e n t  w ith  t h e  o b s e rv e d  s c a t t e r .  T h e re  i s  a  p o s s i b l e  
c a l i b r a t i o n  e r r o r  ab o u t t  2 / ,
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NOTE ON SIMILTUDE




F o r p a r a l l e l  flow  and th e  v e l o c i t y  i n  th e  y - z  d i r e c t i o n  i s  
z e ro .  Then th e  N a v ie r  S to k e s  e q u a t io n  becom es ( f o r  a  p ip e )
AU_ = 4 1 / ^
i t  P d x
l e t  u= u u * l X= X%  ) f ; P = p u * p '
and  s u b s t i t u t e  i n t o  e q u a t io n  (1 ) to  o b ta in
JL U ! 1 . A C
3 1' ax' R T j t
b u t f o r  c u r i l i n e a r  flow  t h i s  e q u a t io n  i s
q'vq* -L 9 _  = -çp* 4 J .  v^q' 
a t '  R
w here
q =  q 'q .  ; p  * p q ÿ '
Now i n  a  p o ro u s  m ed ia  l o c a l  g e o m e tr ic  s i m i l a r i t y  does n o t  
e x i s t  t h e r e f o r e  th e  c r i t i c a l  R i s  n o t  a  good c r i t e r i o n .
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